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PREFACE

THIS book on simplified calculus is one of a series designed by
the author and publisher for the reader with an interest in the

meaning and simpler technique of mathematical science, and for

those who wish to obtain a practical mastery of some of the more
usual and directly useful branches of the science without the aid

of a teacher. Like the other books in the series it is the outgrowth
of the author's experience with students such as those mentioned

and the demand experienced by the publisher for books which may
be "read as well as studied."

One of the outstanding features of the book is the use of the

method of rates instead of the method of limits. To the conven

tional teacher of mathematics, whose students work for a college

degree and look toward the modern theory of functions, the author

hastens to say that for their purposes the limit method is the only
method which can profitably be used. To the readers contem

plated in the preparation of this book, however, the notion of a
limit and any method of calculation based upon it always seem
artificial and not hi any way connected with the familiar ideas

of numbers, algebraic symbolism or natural phenomena. On the

other hand, the method of rates seems a direct application of the

principle which such a reader has often heard mentioned as the

extension of arithmetic and algebra with which he must become

acquainted before he can perform calculations which involve

changing quantities. The familiarity of examples of changing

quantities in every-day life also makes it a simple matter to in

troduce the terminology of the calculus; teachers and readers will

recall the difficulty encountered in this connection in more formal

treatments.

The scope and range of the book are evident from the table

of contents. The topics usually found in books on the calculus

C2871589
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vi PREFACE

but not appearing here are omitted in conformity with the plan

of the book as stated in the first paragraph above. An attempt

has been made to approach the several parts of the subject as

naturally and directly as possible, to show as clearly as possible

the unity and continuity of the subject as a whole, to show what

the calculus "is all about" and how it is used, and to present the

material in as simple, straightforward and informal a style as it

will permit. It is hoped thus that the book will be of the greatest

interest and usefulness to the readers mentioned above.

The first edition of this book was prepared before the other

volumes of the series were written and the arrangement of the

material in this volume was not the same as in the others. In

this revised edition the arrangement has been changed somewhat

so that it is now the same in all the volumes of the series. Some

changes and additions have been made in the text, but the

experience of readers has indicated that the text is in the main

satisfactory, and beyond corrections and improvements in pres

entation these changes are few. The last section of the book

(Article 109) is new, and in this edition a fairly complete table of

the more useful integral formulas has been added. The greatest

changes are in the exercises and problems. These have been in

creased considerably in number, some of the original exercises

have been replaced by better ones, and answers have been pro
vided for all. Some of the new problems bring in up-to-date illus

trations and applications of the principles, and it is hoped that

all will now be found more useful and satisfactory.

Many of the corrections and improvements in the text are the

results of suggestions received from readers of the first edition,

and it is hoped that readers of the new edition will call attention

to errors or inaccuracies which may be found in the revised text.

J. E. THOMPSON.

Brooklyn, N. Y.

October, 1945.
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INTRODUCTION

IN arithmetic we study numbers which retain always a fixed

value (constants). The numbers studied in algebra may be con

stants or they may vary (variables), but hi any particular problem
the numbers remain constant while a calculation is being made,
that is, throughout the consideration of that one problem-

There are, however, certain kinds of problems, not considered

in algebra or arithmetic, in which the quantities involved, or the

numbers expressing these quantities, are continually changing.

Thus, if a weight is dropped and allowed to fall freely, its speed

steadily increases; or, if it is thrown directly upward, it first

moves more and more slowly and finally stops, then begins to fall,

slowly at first and then faster and faster. Its speed is a quantity
which continually changes. Again, as the crankshaft of a gas or

steam engine turns, the direction of motion of the crank pin, the

speed of the crosshead, and both the direction and speed of the

connecting rod, are continually changing. The alternating elec

tric current in our house lighting circuits does not have the same

strength at any two successive instants. If an aeroplane crosses

over a straight road at the instant at which an automobile passes

the crossing point, the rate at which the distance between the aero

plane and the automobile changes is at first much greater than

at a later time and depends on the height of the aeroplane, the di

rection and speed of travel of both aeroplane and automobile, and

the distance of each from the crossing point at any particular in

stant which we may wish to consider.

Many such examples could be cited; in fact, such problems
form the greater part of those arising in natural phenomena and

xiii



INTRODUCTION

in engineering. In order to perform the calculations of such prob
lems and even more to study the relations of the various factors

entering into them, whether a numerical calculation is made or

mot, other methods than those of arithmetic and algebra have

fceen developed. The branch of mathematics which treats of

these methods is called the calculus. Since the calculus has par

ticularly to do with changing quantities it is obvious that one of

ifcs fundamental notions or considerations must be that of rates

f change of variable quantities, or simply rates.

But the calculus does more than to develop methods and rules

for solving problems involving changing quantities. It investi

gates, so to speak, the inner nature of such a quantity, its origin,

the parts of which it consists, the greatest and least values which

it may have under stated conditions, its relations to other num
bers, the relations between the rates of related sets of numbers,
and sums of very great numbers of very small quantities. In

short, the calculus deals not only with the use of numbers as does

arithmetic and with the symbols and methods of writing num
bers as does algebra, but also and more particularly with the

nature and the variations of numbers.

In the calculus, continual use is made of one's knowledge of

algebra and trigonometry in dealing with equations, angle func-
"

tions, formulas, transformations, etc., so that these subjects should

be studied first.* It is for this reason, and not because it is any
more difficult, that calculus is studied after algebra and trigo

nometry. The ideas involved in the study of rates and of the

sums of very large numbers of very small values are not in them
selves at all difficult to grasp when one is familiar with the meth
ods of thought and forms of expression used in algebra, trigonom
etry, etc.

* Note. All the knowledge of algebra and trigonometry necessary for the

study of this book may be obtained from the author's "Algebra for the Prac
tical Man" and "Trigonometry for the Practical Man," published by I). Van
Nostrand Company, New York, N. Y.
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While it cannot be expected that any mathematical subject

can. be presented in the so-called "popular and non-mathematical"

style, the aim in this book is to present the subject in an informal

manner and with the smallest amount of technical machinery
consistent with a fair statement of its meaning and its relation to

elementary mathematics in general. The illustrations of its ap

plications are taken from the problems that interest but puzzle us

in our everyday observations of the physical world about us, and

from applied science, or engineering. Perhaps not all the illus

trative problems will be of interest to any one reader; he may
make his own selection. Some readers may wish to study the

calculus itself further, while others may be interested in its tech

nical applications. References are made, at appropriate places,

to books which will be useful to either.

The large amount of detail work which is necessary in some

parts of the calculus, and the manner in which the study of the

subject is sometimes approached, have often led to the false idea

that the subject is extremely difficult and one to be dreaded and

avoided. However, when it is properly approached and handled

the calculus will be found to be simple and fascinating and its

mastery will provide the highest intellectual satisfaction and great

practical utility.

A brief historical note may be of interest. The method of

calculation called "the calculus" was first discovered or invented

by Isaac Newton, later Sir Isaac, an English mathematician and

physicist, the man who discovered the law of gravitation and

first explained the motions of the heavenly bodies, the earth, and

objects upon and near the earth under the action of gravity. He
wrote out his calculus, used it at Cambridge University (Eng

land) where he was Professor, and showed it to his friends, in the

year 1665-1666. Some ideas and methods of calculation similar

to the calculus were known and used in ancient times by Archi

medes and others of the early Greek mathematicians, and also by
an Italian named Cavalieri who lived in 1598-1647 and a French
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mathematician named Roberval (1602-1675) . None of these men,

however, developed the method beyond a few vague procedures

or published any complete accounts of their methods. Newton,
on the other hand, developed the methods which we shall study
in this book in fairly complete form, used it regularly in his math
ematical work, and wrote a systematic account of it.

The calculus was also discovered or invented independently

by a German mathematician and philosopher, Gottfried Wilhelm

Leibnitz, who published his first account of his method in 1676.

The friends and followers of Newton and Leibnitz carried on a

great controversy concerning the priority of discovery, the friends

of each man claiming that he made the discovery first and inde

pendently and that the other copied from him. Nowadays it is

generally agreed that Newton and Leibnitz each made his dis

covery or invention independently of the other, and both are

given full credit. Many of the formulas and theorems which we
shall use in this book were first made known by Newton, but the

symbols which we shall use for differentials, derivatives and inte

grals are 'those first used by Leibnitz.

After Newton and Leibnitz made their work known the meth
ods of the calculus came into general use among mathematicians

and many European workers contributed to the development,

perfection, and applications of the calculus in pure and applied

science. Among the leaders in this work were the Bernoulli fam

ily (Daniel, James and Jacques) in Switzerland, Colin MacLaurin
in Scotland and England, Louis Joseph Lagrange in France, and
Leonhard Euler in Switzerland and France. The first complete
text books on the calculus were published by Euler in 1755 (the

"Differential Calculus") and in 1768 (the "Integral Calculus")-
These books contained all that was then known of the calculus

and they have greatly influenced later developments and books on
the subject.



CALCULUS
FOR THE PRACTICAL MAN

Chapter I

FUNDAMENTAL IDEAS. RATES AND DIFFERENTIALS

1. Rates. The most natural illustration of a rate is that involv

ing motion and time. If an object is moving steadily as time

passes, its speed is the distance or space passed over in a specified

unit of time, as, for example, 40 miles per hour, 1 mile per min

ute, 32 feet per second, etc. This speed of motion is the time

rate of change of distance, and is found simply by dividing the

space passed over by the time required to pass over it, both being

expressed in suitable units of measurement. If the motion is

such as to increase the distance from a chosen reference point,

the rate is taken as positive; if the distance on that same side of

the reference point decreases, the rate is said to be negative.

These familiar notions are visualized and put in concise math
ematical form by considering a picture or graph representing the

motion. Thus in Fig, 1 let the motion take place along the straight

O x P P'-
,
--- -.-,-X

FIG. 1.

line OX in the direction from toward X. Let O be taken as

the reference point, and let P represent the position of the moving
object or point. The direction of motion is then indicated by the

arrow and the distance of P from O at any particular instant is

the length OP which is represented by x.

When the speed is uniform and the whole distance x and the

1
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total time t required to reach. P are both known, the speed or rate
/v

is simply x+t or -. If the total distance and time from the start-

*

ing point are not known, but the rate is still constant, the clock

times of passing two points P and P' are noted and the distance

between P and P' is measured. The distance PP' divided by
the difference in times then gives the rate. Thus even though
the distance OP=x or the distance OP' which may be called

xr

may not be known, their difference which is PP' = xf x is known ;

also the corresponding time difference t'~- 1 is known. Using these

symbols, the rate which is space difference divided by time differ

ence, is expressed mathematically by writing

*'-*
Rate=-

t-t

If the x difference is written dx and the t difference is written dt

then the
dx

Rate= . (1)
dt

The symbols dx and dt are not products d times x or d times t

as in algebra, but each represents a single quantity, the x or t

difference. They are pronounced as one would pronounce his

own initials, thus: dx, "dee-ex"; and dt, "dee-tee." These sym
bols and the quantities which they represent are called differ

entials. Thus dx is the differential of x and dt the differential

oft

If, in Fig. 1, P moves in the direction indicated by the arrow,
the rate is taken as positive and the expression (1) is written

dx
.

dt

This will apply when P is to the right or left of 0, so long as the

sense of the motion is toward the right (increasing x) as indicated
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by the arrow. If it is in the opposite sense, the rate is negative

(decreasing x) and is written

dx
.

dt

These considerations hold in general and we shall consider always
that when the rate of any variable is positive the variable is in

creasing, when negative it is decreasing.
So far the idea involved is familiar and only the terms used

are new. Suppose, however, the object or point P is increasing
its speed when we attempt to measure and calculate the rate, or

suppose it is slowing down, as when accelerating an automobile
or applying the brakes to stop it; what is the speed then, and
how shall the rate be measured or expressed in symbols? Or

suppose P moves on a circle or other curved path so that its

direction is changing, and the arrow in Fig. 1 no longer has the

dx
significance we have attached to it. How then shall be meas-

dt

ured or expressed?

These questions bring us to the consideration of variable rates

and the heart of the methods of calculus, and we shall find that

the scheme given above still applies, the key to the question lying
in the differentials dx and dt.

The idea of differentials has here been developed at consider

able length because of its extreme importance, and should be
mastered thoroughly. The next section will emphasize this state

ment.

2. Varying Rates. With the method already developed in

the preceding section, the present subject can be discussed con

cisely and more briefly. If the speed of a moving point be not

uniform, its numerical measure at any particular instant is the

number of units of distance which would be described in a unit

of time if the speed were to remain constant from and, after that

instant. Thus, if a car is speeding up as the engine is accelerated,
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we would say that it lias a velocity of, say, 32 feet per second at

any particular instant if it should move for the next second at the

same speed it had at that instant and cover a distance of 32 feet.

The actual space passed over may be greater if accelerating or

less if braking, because of the change in the rate which takes

place in that second, but the rate at that instant would be that

just stated.

To obtain the measure of this rate at any specified instant,

the same principle is used as was used in article 1. Thus, if in

Fig. 1 dt is any chosen interval of time and PP'=cte is the space
which would be covered in that interval, were P to move over the

distance PP' with the same speed unchanged which it had at P,
dx dx

then the rate at P is . The quantity is plus or minus accord-
dt dt

ing as P moves in the sense of the arrow in Fig. 1 or the opposite.

If the point P is moving on a curved path of any kind so that

its direction is continually changing, say on a circle, as in Fig. 2,

then the direction at any instant is that of the tangent to the

path at the point P at that instant, as PT at P and P'T' at P'.

The space differential ds is laid off on the direction at P and is

taken as the space which P would cover

, in the time interval dt if the speed and di

rection were to remain the same during the

interval as at P. The rate is then, as usual,
ds

and is plus or minus according as P
dt

moves along the curve in the sense indi

cated by the curved arrow or the reverse.

FIG. 2. 3. Differentials. In the preceding dis

cussions the quantities dx or ds and dt have
been called the differentials of x, s and L Now time passes steadily
and without ceasing so that dt will always exist. By reference

to chosen instants of time the interval dt can be made as great or

as small as desired, but it is always formed in the same manner
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and sense and is always positive, since time never flows backward.
The differential of any other variable quantity x may be formed
in any way desired if the variation of x is under control and may
be great or small, positive or negative, as desired, or if the vari

able is not under control its differential may be observed or meas
ured and its sense or sign (plus or minus) determined, positive
for an increase during the interval dt and negative for a decrease.

The rate of x, dx/dt, will then depend on dx and since dt is always

positive, dx/dt will be positive or negative according as do? is plus
or minus.

From the discussions in articles 1 and 2 it is at once seen that

the definition of the differential of a variable quantity is the fol

lowing:

The differential dx of a variable quantity x at any instant is

the change in x which would occur in the next interval of time dt

if x were to continue to change uniformly in the interval dt with

the same rate which it has at the beginning of dt.

Using this definition of the differential we then define:

The mathematical rate of x at the specified instant is the quotient

of dx by dt, that is
f
the ratio of the differentials.

The differential of any variable quantity is indicated by
writing the letter d before the symbol representing the quantity.
Thus the differential of x2 is written d(x

2
}, the differential of \/x

is written d(V#)* The differential of x2 or of -\fx will of course

depend on the differential of x itself. Similarly d(sin 0) will de

pend on dd, d(log& x) will depend on dx and also on the base b.

When the differentials d(x
2
), d(-\/x\ d(sin 8) are known or expres

sions for them have been found then the rates of these quantities

will be

d(x
2
) d(V?) d(sin0)

, ,
. etc..

dt dt dt

and will depend on the rates dxfdf, dO/dt, etc.
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Now, in mathematical problems, such expressions as z2
, -\/x,

sin 6, log x, x+y, xy, xy, x/y, etc., are of regular and frequent
occurrence.

*

In order to study problems involving changing

quantities which contain such expressions as the above, it is neces

sary to be able to calculate their rates and since the rate is the

differential of the expression divided by the time differential dt,

it is essential that rules and formulas be developed for finding

the differentials of any mathematical expressions. Since the more

complicated mathematical expressions are made up of certain com
binations of simpler basic forms (sum, difference, product, quo
tient, power, root, etc.) we proceed to find the differentials of

certain of the simple fundamental forms.

The finding or calculation of differentials is called differentiation

and is one of the most important parts of the subject of calculus,

that part of the subject which deals with differentiation and its

applications being called the differential calculus.

4. Mathematical Expression of a Steady Rate. In order to ob

tain rules or formulas for the differentials and rates of such expres
sions as those given in the preceding article we shall first develop
a formula or equation which expresses the distance x of the point
P from the reference point in Fig. 1 at any time t after the instant

of starting.

If P is moving in the positive direction at the constant speed

k, then we can write that the rate is

dx

*-" (2>

At this speed the point P will, in the length of time t, move over

a distance equal to kt, the speed multiplied by the time. If at tfye

beginning of this time, the instant of starting, P were already
at a certain fixed distance a from the reference point 0, then at

the end of the time t the total distance x will be the sum of the

original distance a and the distance covered in the time 2, that is,

(3)
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If P starts at the same point and moves in the opposite (negative)

direction, then the total distance after the time t is the difference

x=akt (4)

and the rate is

The several equations (2) to (5) may be combined by saying that if

dx
x=zakt, ==bft. (6)

dt

Considering expressions (2) and (3), since x equals a+kt then

of course the rate of x equals the rate of a+kt, that is, dx/dt

=>d(a+k)/dt. But by (2) dx/dt=k, therefore

fc . (7)
dt

In the same manner from (4) and (5) we get

d(ak)
dt

-=-fc.

These results will be used in finding the differentials of other

simple expressions. It is to be remembered that equation (3)

is the expression for the value of any variable x (in this case a

distance) at any time t when its rate is constant, and that (7)

gives the value of this rate in terms of the right side of (3), which

is equal to the variable x.

. 5. Differential of a Sum or Difference of Variables. We can

arrive at an expression for the differential of a sum or difference

of two or more variables in an intuitive way by noting that since

the sum is made up of the parts which are the several variables,

then, if each of the parts changes by a certain amount which is

expressed as its differential, the change in, the sum, which is its
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differential, will of course be the sum of the changes in the sepa
rate parts, that is, the sum of the several differentials of the parts.

In order to get an exact and logical expression for this differential,

however, it is better to base it on the precise results established

in the preceding article, which are natural and easily understood,
as well as being mathematically correct.

Thus let k denote the rate of any variable quantity x (distance

or any other quantity), and k' the rate of another variable y.

Then, as in the example of the last article, we can write, as in

equation (3),

x= a+kt (3)

and also

the numbers a and b being the constant initial values of x and y.

Adding these two equations member by member we get

or

Now, this equation is of the same form as equation (3), (x+y)

replacing x and (a+6), (k+k') replacing a, k
} respectively. As in

(2) and (7), therefore,

d(x+y]

dt

But k is the rate of x
} dx/dt, and "k! is the rate of t/, dy/dt. There

fore

d(x+y) _dx dy

dt dt dt'

Multiplying both sides of this equation by dt in order to have
differentials instead of rates, there results

d(x+y)=dx+dy. (8)
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If instead of adding the two equations above we had sub

tracted the second from the first, we would have obtained instead

of (8) the result

d(x y)
= dx dy.

This result and (8) may be combined into one by writing

(9)

In the same way three or more equations such as (3) above

might be written for three or more variables x, y, z, etc., and we
would obtain instead of (9) the result

d(xyz ) ==dxdyd;dz - -

-, (A)

the dots meaning "and so on" for as many variables as there

may be.

We shall find that formula (A) in which x
} y} z, etc., may be

any single variables or other algebraic terms is of fundamental

importance and very frequent use in the differential calculus.

6, Differential of a Constant and of a Negative Variable. Since

a constant is a quantity which does not change, it has no rate or

differential, or otherwise expressed, its rate or differential is zero.

That is, if c is a constant

dc=0. (B)

Then, in an expression like x+c, since c does not change, any

change in the value of the entire expression must be due simply

to the change in the variable x, that is, the differential of x+c is

equal simply to that of x and we write

d(x+c)=dx. (C)

This might also have been derived from (8) or (9). Thus,

but by (B) dc=0 and, therefore,
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which is the same as (C), either the plus or minus sign applying

Consider the expression

y=x] then

and

but zero does not change and therefore d(0) =0. Therefore,

d(y-\-x)
=dy+dx 0, or dy= dx.

But 2/= x] therefore,

d(-x) = -dx. (D)

7. Differential of the Product of a Constant and a Variable.

Let us refer now to formula (A) and suppose all the terms to be

the same; then

d(x+x+x-\---- )=dx+dx+dx-{----

If there are ra such terms, with m constant, then the sum of the

terms is mx and the sum of the differentials is m-dx. Therefore

d(mx)=mdx. (E)

Since we might have used either the plus or minus sign in (A) we

may write (E) with either +ra or m. In general, (E) holds

good for any constant m, positive or negative, whole, fractional

or mixed, and regardless of the form of the variable which is here

represented by x.



Chapter II

FUNCTIONS AND DERIVATIVES

8. Meaning of a Function. In the solution of problems in

algebra and trigonometry one of the important steps is the expres
sion of one quantity in terms of another. The unknown quantity
is found as soon as an equation or formula can be written which

contains the unknown quantity on one side of the equation and

only known quantities on the other. Even though the equation
does not give the unknown quantity explicitly, if any relation

can be found connecting the known and unknown quantities it

can frequently be solved or transformed in such a way that the

unknown can be found if sufficient data are given.

Even though the data may not be given so as to calculate the

numerical value of the unknown, if the connecting relation can

be found the problem is said to be solved. Thus, consider a right

triangle having legs x} y and hypotenuse c and suppose the hypote
nuse to retain the same value (c constant) while the legs are

allowed to take on different consistent values (x and y variable).

Then, to every different value of one of the legs there corresponds

a definite value of the other leg. Thus if x is given a particular

length consistent with the value of c, y can be determined. This

is done as follows: The relation between the three quantities

x, y, c is first formulated. For the right triangle, this is,

Considering this as an algebraic equation, in order to determine

y when a value is assigned to x the equation is to be solved for y
in terms of x and the constant c. This gives

(11)

11
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In this expression, whenever x is given, y is determined and to

every value of x there corresponds a value of y whether it be

numerically calculated or not. The variable y is said to be a

junction of the variable x. The latter is called the independent

variable and y is called the dependent variable. We can then in

general define a function by saying that,

If when x is given, y is determined, y is a function of x.

Examples of functions occur on every hand in algebra, trigo

nometry, mechanics, electricity, etc. Thus, in equation (2), x is

a function of t; if y=x
2
or y=\/Xj y is a function of a:. If in the

right triangle discussed above, 6 be the angle opposite the side y,

then, from trigonometry, y=csind and with c constant y is a

function of 6. Also the trigonometric or angle functions sine,

cosine, tangent, etc., are functions of their angle; thus sin 6,

cos 9, tan 8 are determined as soon as the value of 6 is given. In

the mechanics of falling bodies, if a body falls freely from a posi
tion of rest then at any time t seconds after it begins to fall it has

covered a space 5=16^ feet and s is a function of t; also when it

has fallen through a space s feet it has attained a speed of v=8\^s
feet per second, and v is a function of s. If a variable resistance

R ohms is inserted in series with a constant electromotive force

E volts the electric current I in amperes will vary as R is varied

and according to Ohm's Law of the electric circuit is given by the

formula I=E/R; the current is a function of the resistance.

In general, the study and formulation of relations between

quantities which may have any consistent values is a matter of

functional relations and when one quantity is expressed by an

equation or formula as a function of the other or others the prob
lem is solved. The numerical value of the dependent variable

can then by means of the functional expression be calculated as

soon as numerical values are known for the independent variable

or variables and constants.

In order to state that one quantity y is a function of another
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quantity x we write y=f(x), y=f'(x), y=F(x), etc., each, symbol

expressing a different form of function. Thus, in equation (11)

above we can say that y=f(x), and similarly in some of the other

relations given, s=F(t), I=$(R), etc.

If in (11) both x and c are variables, then values of both x and

c must be given in order that y may be determined, and y is a

function of both x and c. This is expressed by writing y=f(x, c).

If in Ohm's Law both E and R are variable, then both must be

specified before I can be calculated and I is a function of both,

9. Classification of Functions. Functions are named or classi

fied according to their form, origin, method of formation, etc.

Thus the sine, cosine, tangent, etc., are called the trigonometric

or angular (angle) functions. Functions such as #2
, \/^> #2+y>

3\/2 2/2/j formed by using only the fundamental algebraic

operations (addition, subtraction, multiplication, division, invo

lution, evolution) are called algebraic functions. A function such

as b
x

,
where b is a constant and x variable, is called an exponential

function of x and log& x is a logarithmic function of x. In other

branches of mathematics other functions are met with.

In order to distinguish them from the algebraic functions the

trigonometric, exponential and logarithmic functions and certain

combinations of these are called transcendental functions. "We

shall find in a later chapter that transcendental functions are of

great importance in both pure and applied mathematics.

Another classification of functions is based on a comparison

of equations (10) and (11). In (11) y is given explicitly as &

function of x and is said to be an explicit function of x. In (10)

if re is taken as independent variable then y can be found but as

the equation stands the value of y in terms of is not given ex

plicitly but is simply implied. In this case y is said to be an

implicit function of x. Explicit or implicit functions may be

algebraic or transcendental. __
In (11) where y=-\/c

2 x2 we can also find x~-\/c? y
2 and
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x is an inverse function of y; similarly if x=sin 8 then 0=sin~1 x

(read "anti-sine" or "angle whose sine is") is the inverse function.

In general if y is a function of x then x is the inverse function of

y, and so for any two variables.

10. Differential of a Function of an Independent Varidbk.

If y is a function of x, written

2/=/(*), (12)

then, since a given value of x will determine the corresponding
value of y}

the rate of y } dy/dt}
will depend on both x and the

rate dx/dt at any particular instant. Similarly, for the same

value of dt, dy will depend on both x and dx.

To differentiate a function is to express its differential in terms

of both the independent variable and the differential of the inde

pendent variable. Thus, in the case of the function (12) dy will

be a function of both x and dx.

If two expressions or quantities are always equal, their rates

taken at the same time must evidently be equal and so also their

differentials. An equation can, therefore, be differentiated by
finding the differentials of its two members and equating them.

Thus from the equation

(x+c)
2=x2+2cx+c2

d[(x+c)
2
]=d(x

2
) +d(2cx) +d(c

2
),

by differentiating both sides and using formula (A) on the right

side. Since c, c
2 and 2 are constants, then by formulas (B) and

(E) d(2cx) = 2c dx and d(c
2
)
= 0. Therefore,

d[(x+c)
2
]=d(x

2
)+2cdx. (13)

Thus, if the function (x+c)
2

is expressed as

then,

dy=d(x
2
)+2cdxf (13a)
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and, dividing by dt, the relation between the rates is

dt dt dt

From equation (13a) we can express dy in terms of x and dx when
we can express d(x

2
) in terms of x and dx. This we shall do pres

ently.

11. The Derivative of a Function. If y is any function of x,

as in equation (12),

*-/(*), (12)

then, as seen above, the rate or differential of y will depend on

the rate or differential of x and also on x itself. There is, however,
another important function of x which can be derived from y
which does not depend on dx or dx/dt but only on x. This is true

for any ordinary function whatever and will be proven for the

general form (12) once for all. The demonstration is somewhat

formal, but in view of the definiteness and exactness of the result

it is better to give it in mathematical form rather than by means

of a descriptive and intuitive form.

In order to determine the value of y in the functional equation

(12), let the independent variable x have a particular value a at

a particular instant and let dx be purely arbitrary, that is, chosen

at will. Then, even though dx is arbitrary, so also is dt, and,

therefore, the rate dx/dt can be given any chosen definite, fixed

value at the instant when x= a. Let this fixed value of the rate be

dx= fc'. (14)
dt

The corresponding rate of y will evidently depend on the particular

form of the function f(x), as, for example, if the function is (x+c)
2

the rate dy/dt is given by equation (13b). Therefore, when
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dx/dt is definitely fixed, so also is dy/dt. Let this value be repre

sented by
du

-f=k". (15)
at

Now, since both rates are fixed and definite, so also will be their

ratio. Let this ratio be represented by k. Then, from (14) and

(15),

MAW k"
X.

77^

\dt)

Now, (dy/df)^-(dx/df)=dy/dx and, therefore,

dx

Since k is definite and fixed, while dx may have any arbitrary

value, then k cannot depend on dx. That is, the quantity dy/dx,

which is equal to fc, cannot depend on dx. It must depend on x

alone, that is, dy/dx is a function of x. In general, it is a new
function of x different from the original function f(x) from which

it was derived. This derived function is denoted by f'(x). We
write, then

dif

-f=f'(x). (16)
dx

This new function is called the derivative of the original function

/(*)..
Since (16) can also be written as

dy=f'(x)-dx, (17)

in which the differential of the dependent variable is equal to the

product of the derivative by the differential of the independent
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variable, the derivative is also sometimes called the differential

coefficient of y regarded as a function of x.

There are thus several ways of viewing the function which we
have called the derivative. If we are thinking of a function f(x)

as a mathematical expression in any form, then the derivative is

thought of as the derived function. If we refer particularly to

the dependent variable y as an explicit function of the independent
variable x, then we express the derivative as dy/dx (read "dy by
dx") and refer to it as the "derivative of y with respect to x."

The derivative was first found, however, as the ratio of the

rates of dependent and independent variables, from equations

(14) and (15), and this is its proper definition. Using this defini

tion, that is, (dy/df)+ (dx/df) =f'(x), we have

dy dx

and for use in practical problems involving varying quantities

this is the most useful way of viewing it. Based on this definition,

equation (18) tells us that when we once have an equation express

ing one variable as a function of another, the derivative is the

function or quantity by which the rate of the independent variable

must be multiplied in order to obtain the rate of the dependent
variable.

A geometrical interpretation of this important function as

applied to graphs will be given later.

In order to find this important function in any particular case

equation (16) tells us that we must find the differential of the

dependent variable and divide it by the differential of the inde

pendent variable. In the next chapter we take up the important

matter of finding the differentials and derivatives of some funda

mental algebraic functions.



Chapter III

DIFFERENTIALS OF ALGEBRAIC FUNCTIONS

12. Introduction. In the preceding chapter we saw that in

order to find the derivative of a function we must first find its

differential, and in Chapter I we saw that in order to find the

rate of a varying quantity, we must also first find its differential.

We then found the differentials of a few simple but important

forms of expressions. These will be useful in deriving formulas

for other differentials and are listed here for reference.

(A)

dc=Q (B)

(C)
'

d(-x)=-dx (D)

d(mx) =m dx (E)

In Chapter II we found that when we have given a certain

function of an independent variable, the derivative of the function

can be obtained by expressing the differential of the function in

terms of the independent variable and its differential, and then

dividing by the differential of the independent variable. We
now proceed to find the differentials of the fundamental alge

braic functions, and it is convenient to begin with the square of a

variable.

13. Differential of the Square of a Variable. In order to find

this differential let us consider the expression mx of formula (E),

and let

z=mXj then Z
2=m2x2

18
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by squaring; z being the dependent variable and m being a con

stant. Differentiating these two equations by formula (E),

dz^mdx, d(z
2)=m2

*d(x
2
),

and dividing the second of these results by the first, member by
member,

d(x
2
)

9

dz dx

Dividing this result by the original equation z=mx to eliminate

the constant m there results

z dz x dx

Now, d(x
2
)/dx is the derivative of x2, and similarly for z

2
. Further

more, the connecting constant m has been eliminated and has no

bearing on the equation (19). This equation therefore tells us

that the derivative of the square of a variable divided by the

variable itself (multiplied by the reciprocal) is the same for any
two variables x and z. It is, therefore, the same for all variables

and has a fixed, constant value, say a. Then,

a.

x dx

/. d(x
2
^ax-dx. (20)

In order to know the value of d(x
2
), therefore, we must determine

the constant a. This is done as follows:

Since equation (20) is true for the square of any variable, it is

true for (x+cf where c is a constant. Therefore,

d((x+c)
2
]~a(x+c) -d(x+c).
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But, by formula (C), d(x+c) =dx, hence,

d[(x+c)
2
]=a(x+c)-dx

ax-dx+ac-dx. (21)

Also, according to equation (13),

d[(x+c)
2
]=d(x

2
)+2c*dx,

=ax-dx+2c*dx (22)

by (20). By (21) and (22), therefore,

axdx-\-acdx=axdx~\-2c dx9

or,

acdx=2cdx.

:. a=2

and this value of a in (20) gives, finally,

(F)

This is the differential of z2 ; dividing by dx the derivative of

re
2 with respect to a; is

*. (23)
dx

These important results can be stated in words by saying that,

"the differential of the square of any variable equals twice the

variable times its differential/' and, "the derivative of the square

of any variable with respect to the variable equals twice the

variable."

Referring to article 11, formula (F) corresponds to equation

(17) and (23) to equation (16) when f(x)=x
2

,
and therefore
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14. Differential of the Square Root of a Variable. Let x be the

variable and let

y=V% then y
2= x.

Differentiating the second equation by formula (F),

dx
2y dy= dx, or dy= .

%y
But y=V^, therefore,

d(Vx)= -dx (G)
2\/:c

and the derivative is

(24)

Formula (G) can be put in a somewhat different form which is

sometimes useful. Thus, -\/x=x^ and

1 11 1 1 1

2\/x 2^/x 2a^ 2

Therefore, (G) becomes

(25)

15. Differential of the Product of Two Variables. Let x and #

be the two variables. We then wish to find d(xy). Since we already

have a formula for the differential of a square we first express the

product xy in terms of squares. We do this by writing

Transposing and dividing by 2, this gives,

Differentiating this equation and using formula (A) on the right*

d(xy)
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Applying formula (F) to each of the squares on the right and

handling the constant coefficients by formula (E) we get

d(xy) = (x+y) >d(x+y) x dxy dy

= (x+y") (dx+dy) x dx y dy

~x dx+x dy+y dx+ydyxdxy dy.

.'. d(xy) = x dy+y dx. (H)

A simple application of this formula gives the differential of

the reciprocal of a variable. Let x be the variable and let

2/=~, then xy~l.
x

Differentiating the second equation by formula (H), and remem

bering that by formula (B) rf(l)
=

0, we get,

x dy+y dx= 0, hence, .dy
= y dx.

x

But, y=-, therefore,
x

<*=-> (J)

is the differential, and the derivative with respect to # is

3- C26)
<fo x2

Formula (J) can be put into a different form which is often

useful. Thus, I/a?
=of1 and I/re

2= of"
2

; hence, (J) becomes

d(x )
= x dx. (27)

16. Differential of the Quotient of Two Variables. Let x, y be
the variables; we wish to find d(x/y). Now, we can write x/y as
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(l/y)-x which is in the form of a product. Applying formulas

(H) and (J) to this product, we get

dx dy=
Z-2>

v y

or, combining these two last terms with a common denominator,

17. Differential of a Power of a Varidbk. Letting x represent

the variable and n represent any constant exponent, we have to

find d(x
n
). Since a power is the product of repeated multiplica

tion of the same factors, for example, x2 =xx, x*-xxx, etc., let

us consider formula (H) :

d(xy)=xdy+ydx.
Then

~xydz+z(y dx+x dy)

= xy dz+yz dx+zx dy.

Similarly,

d(xyzf)
= (xyz) dt+ (xyf) dz+(xzf) dy+ (yzf) dx.

Extended to the product of any number of factors, this formula

says, "To find the differential of the product of any number of

factors multiply the differential of each factor by the product of

all the other factors and add the results."
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Tims,

d(xxx) =xx dx+xx dx+xx dx

=3z2 dx=3x3^
dx.

In the same way

and, in general, by extending the same method to any power,

d(x
n
}=nx

n~l
dx. (L)

If y=*x
n the derivative is

Referring now to formulas (F), (25), (27) it is seen that they
are simply special cases of the general formula (L) with the expo
nent n=2, , 1, respectively. Formula (L) holds good for any
value of the exponent, positive, negative, whole number, fractional

or mixed.

18. Formulas. The formulas derived in this chapter are col

lected here for reference in connection with the illustrative exam

ples worked out in the next article.

2xdx (F)

7=^dx (G)
2\/x

d(xy) = x dy+y dx (H)

(J)
x~

y dxxdy

(L)
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19. Illustrative Exampks.

1. Find the differential of x2 -2x+3.

This is the algebraic sum of several terms, therefore by formula

(A) we get for the differential of the entire expression

By formula (F),

By formula (E),

d(2x) = 2dx.

By formula (B),

d(3)=0.

Therefore

d(x
2 -2x+$) = 2x dx-2 dx

= 2(x 1) dx.

2. Findd(2x
3+3\/ fx

2
).

By formula (A) this is equal to d(2x*)+d$Vx)-d(%x?).

By (E) and (L),

d(2x
3
) =2d(x

3
) =2(3x

2
dx) =6x

2
dx.

By (E) and (G),

By (E) and (L)

=f(2x dx) =

Therefore the required differential is

3. Differentiates^
2

.

This is the product of x by y* with the constant coefficient 3 5

therefore by formulas (E) and (H) we have
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Ix=2xydy+y
2
dx.

=3y(2xdy+ydx).

26

and

d(x^=x^d(y
2
}+y

2
^d(x)^x^

Therefore

4. Differentiate Vz2
4.

By (G),

and by (C) and (F),

5. Differentiate .

y

This is a quotient; therefore, by (K),

y-2uduu2
dy 2uy duu2

dy

<
u

}=(2ydu-udy).
>y/ y

6. Differentiate (x+2)Vx
2
+4:X.

This is the product of the factors x+2 and vV+4x. Therefore^

by formula (H),

= (x+2) - x2+4x-d(x+2). (a)
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By formula (G),

1

and

d(Vz
2
+4a;)=-

2Vz2+4z

d(x
2
+^x) =d(x

2
)+d(4x) 2x efo+4 dx=2(x+2) dx.

Therefore,

^/TTT-N 2(=g+2) <^ (a;+2)dx
d(Vo;

2+4a;)=r
-T====-7===. (b)2VV+4^ Va;

2
+4x'

Also

Using the results (b) and (c) in expression (a),

= (x+2) *

V+4^

(x+2)
2

--+Vx2+4x'Id*.

(c)

This can be simplified, if desired, by writing the two expressions

in brackets over the common denominator V^x2+4x. This gives,

Simplifying this last expression we get finally

d[(x+2)
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7. Differentiate (x+y)/(x-y).

This is the quotient of (x+y) by (x-y); therefore, by (K)

-d(x-y)

(x-y) (dx+dy)
- (x+y) (dx-dy)

~
(x-y?

'

Now, by multiplication [(x-y^dx+dy)]-[(x+V>(^-dy)} equals

[x dx+x dy-y dx-y dy]-[x dx-x dy+y dx-y dy]

=x dx+x dy-y dx-y dy-x dx+x dy-y dx+y dy

=2x dy2y dx=2(x dy-y dx)

2(x dy-y dx)

8. Differentiate^

by (L)

9. Find the differential of (x
2
+2)

3
.

This is a variable (z
2
+2) raised to the power 3. Hence by (L)
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10. Find 4(z
2
+l)V+l)2

].

This is a product of two factors and each factor is a power of a

variable. Therefore, by formula (H)

d[(z
2
+l)

3
(z

3+D2
]

= (x
2
+l)

3
-d[(^+l)

2
]+(x

3
+l)

2
-d[(^

2
+l)

3
]. (a)

Also, by formula (L),

d[(i
3
+l)

2
]=2(a;

3
+l)

2-1
-

-teV+1) dx (b)

and

fcc. (c)

Using the results (b) and (c) in (a), we get

dx.

By carrying out the indicated multiplications and factoring the

resulting expression as follows we get from this:

d*+6*(x
2+l)V+l)2 dx

dx

Therefore, finally the required differential becomes
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11. Differentiate 2/(x
2
+2).

This is the same as 2f V Therefore by formula (J)

(x
2
+2)

2
J

12. Differentiate

3(2/+3)
3

"

This is the same as - and ~= G/+3)~
3

. Therefore

EXERCISES

Differentiate each of the foEomng expressions.

2. a^-
3. i
4. (7-3a;)

4
.

5. (4-

A ,r

7 -v
3
/1 r*/ v1
^ x u

10.

11-

12.

^-Gx
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Find the derivative of each of the following expressions:

13. 5x^+6. 17.

14.

15. tofr-tofr. 19 - nry ( 1S constant).

16.



Chapter IV

USE OI RATES AND DIFFERENTIALS IN
SOLVING PROBLEMS

20. Introductory Remarks. In the preceding chapter we have

worked out a number of examples illustrating the use of the differ

ential formulas. In those illustrations and the corresponding

exercises for the reader, the functions or algebraic expressions

were given already formed. In applying the principles of rates

and differentials to problems which are simply described without

being formulated, however, the function must first be formulated

mathematically.
In the present chapter we give the detailed solutions of a num

ber of such problems showing the use and application of rates

and differentials in cases in which variable quantities are involved.

In these solutions the foi^nulation of one variable as a function

of another is shown in full and the differentiation is carried out

by the appropriate formula in each case. The formula is not

designated by letter as in the preceding chapter, however, and

the reader is advised to look up the proper formula and follow

out its application step by step in each case. The differentiations

used involve only the algebraic formulas so far derived.

In each case the results obtained are interpreted when their

. significance is not immediately obvious.

21. Illustrative Problems. (1) A man walks directly across a

street at the rate of five feet per second and his path passes four

feet from a lamp post on the opposite side from which he started.

The lamp throws his shadow on a wall along the side of the street

from which he started. If the lamp is thirty-six feet from the

32
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wall, how fast is the shadow moving when the man is sixteen feet

from the wall? When he is twenty-six feet away? Where is the

man when his shadow moves at the same rate at which he is

walking?
Solution. Let AS represent the wall, BL the opposite side of

the street, AB the path of the man, L the position of the lamp,
P the position of the man and S that of his shadow at any moment,
as shown in Fig. 3. Then AB=36 feet, BL=4 feet, and if we let

AP=x represent the distance of

the man from the wall at any

instant, then the rate at which

he is walking is dx/dt=5 ft./sec.

If we let AS=2/ represent the

distance of the shadow from the

starting point at the same in

stant, the speed of the shadow is ,

the rate at which y is increasing.

That is, we have to find dy/dt.

In order to find dy/dt we must
first find the relation between

the man's distance x and that of

the shadow, y, that is, express y as a function of x. In order to

do this we make use of the relations between the various distances

given by the figure.

Since AS and BL are parallel and AB is perpendicular to both,

the triangles APS and BPL are right triangles, and since the ver

tical angles at P are equal, the two triangles are similar and, there

fore, the corresponding sides are proportional. That is,

AS: AP::BL:BP.

Using the values given above for AS, AP and BL and noticing

that BP=AB -AP=36 x, this proportion becomes

FIG. 3.
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Solving for y,

and this is the desired relation between y and x.

We must now find the differential dy, and since y equals the

fraction on the right side of the equation the differential of y

equals the differential of this fraction. Therefore,

, - * (36 ~*)
dy=*

(36~z)
2

and next performing the indicated differentiations in the numera

tor of the last expression it becomes

dx

(36-a;)
2

(36-a;)
2

Hence,
144

and dividing both sides of this equation by dt, the rate of y is

dy 144 dx

dt

=
(W-x)

2
'dt'

But dx/dt=5, therefore,

dy 720

which gives the rate at which the shadow is moving when the man
is at any distance x from the wall.

When s-16, <fy/<B-720/(36-16)
a -1.8 ft./sec.

When x=2Q, <fy/df=720/(36-26)
2 =7.2 ft./sec.
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When dy/dt=dx/dty then we have the same factor on both

sides in equation (a) above and cancelling this factor gives

144

as the condition, and from this the value of x is to be determined

in order to find the position of the man. Taking the square root

of both sides of the last expression we get

36-o;=zbl2, and z=36dbl2=24 or 48 feet.

Since the street is only 36 feet wide the 48 is an impossible result

and therefore the man is at a distance 24 feet from the wall when
his shadow moves at the rate at which he is walking. This is

only true for an instant, however; immediately before that time

the shadow is moving more slowly and immediately afterwards

it is moving more rapidly, as indicated by the rates of the shadow

found above when the man is 16 feet and 26 feet from the wall.

The phenomenon considered in this problem has been noticed

by every one, but the problem is not easily solved without the

calculus method of rates.

(2) The top of a ladder 20 ft. long is resting against a vertical

wall on a level pavement when the ladder begins to slide downward

and outward. At the moment when the foot of the ladder is

12 feet from the wall it is sliding away from the wall at the rate

of two feet per second. How fast is the top sliding downward

at that instant? How far is the foot of the ladder from the wall

when it and the top are moving at the same rate?

Solution. In Fig. 4 let OA represent the pavement, OB the

wall, and AB the ladder; the arrows represent the direction of

motion. Let x represent the distance OA of the foot of the ladder

from the wall, and y the distance OB of the top from the pavement.

We have then from the statement of the problem AB=20 feet,
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dx/dt=2 ft./sec., and we are to find dy/dt and also find when

dy/dt=dx/dL

O
FIG. 4.

First we must express y in terms of x. This is done from the

figure by noting that since OA is horizontal and OB is vertical

the triangle AOB is a right triangle. Therefore,

OB2+OA2=AB2

that is,

Therefore,

is the desired relation between y and x, that is, the expression of y

as a function of x. In order to get the rate dy/dt, we must from

this equation find dy and then divide by dt.

Differentiating the equation by the square root formula,

~2V400-a;
2 2V400-

V*



[ART. 21] USE OF RATES AND DIFFERENTIALS 37

Now we had given dx/dt2 and are to find dy/dt when the

distance #= 12. Putting these values in the result (a), we get

dt V400-(12)
2 V256

The negative sign of dy/dt indicates that y is decreasing, that is,

the top of the ladder is moving downward.

To find when dy/dt-dx/dt, put dy/dt for dx/dt in formula (a)

Then the factor dy/dt cancels on each side, and we have

Hence,
400-z2=z2

, 2s2 =400,

/. x =14.14 ft.

That is, at the instant when the foot of the ladder is 14.14 feet

from the wall the foot and top are moving at the same rate.

(3) A stone is dropped into a quiet pond and waves move in

circles outward from the place where it strikes, at a speed of three

inches per second. At the instant when the radius of one of the

wave rings is three feet, how fast is its enclosed area increasing?

Solution. Let R be the radius and A the area of one of the

circular waves. Then A =*wR2 and dA = TT d(R
2
)
= 2-xR dR.

dA dR

dt dt

The speed of the wave outward from the center is the rate at which

the radius increases, dR/dL Hence, dR/dt=3 -=- and at
sec. 4 sec.

the instant when the radius is jR=3 feet the area is increasing at

the rate

dA 1 3ir

=2*"3 = =4.71 sq. ft./sec.
dt 42
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This problem can be formulated graphically by means of Fig. 5.

As the circular wave moves from the inner dotted circle to the

very near outer one, the differential of the radius is dR and the

corresponding differential increase of area is the shaded ring of

area dA.

FIG.

Now the average radius of this ring strip is R and, therefore,

its length is 2xjR. Its area is the product of length by width.

which is the result already ob

tained by differentiation. From
this result, the rate is found as

before.

(4) Water runs into a con

ical paraffine paper cup five

inches high and three inches

across the top, at the rate of

one cubic inch per second.

When it is just half filled tow

rapidly is the surface of the
,

. . o
water rising?

Solution. Let Fig. 6 represent the shape and dimensions of
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the cup. Then, if v represents the volume of water already in the

cup when h is the height of the surface above the point of the cone,

the rate at which water is running in is the rate of increase of the

volume, dv/dt, and dh/dt is the rate of increase of the height h,

that is, the rate at which the surface is rising. The indicated

dimensions d and h (this d has nothing to do with differentiation)

are then variables and D, H are constants. We have dv/dt 1 cu.

in. per sec. and are to find dh/dt at the instant when h is such that

the cup is half filled.

The volume of the cone is one third the base area times the

altitude. Hence, the total volume is

l/7rD2\ irD
2H 7r(3

2
)-5

1
- ]*H=-=-=11.7,

3\ 4 / 12 12

with the dimensions given. Therefore, when half filled, the vol

ume of the water is v =5.85 cu. in. We must, therefore, find

dh/dt when v =5.85 and dv/dt=1, and to do this we must have a

relation between h and v, that is, express h as a function of v.

The volume formula in terms of the altitude h furnishes the

relation desired. This formula is, as above,

12

, hence, hd = v. (a)
12

This formula, however, contains not only the desired variables h

and v, but also the undesired" variable d. This variable must,

therefore, be expressed in terms of either h or v. It is simpler to

express d in terms of h by means of the proportionality between

D, H}
which are known, and d, h. In Fig. 6 the two inverted tri

angles of bases (diameters) D, d and heights H, h are similar

and therefore d : h::D : H. Therefore,

=.6fc, and,
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Using this value of d2 in formula (a) above, it becomes

=
v, hence, h, ,

7T .36T

By taking the cube root of the numerical fraction and expressing
the cube root of v as the j? power, we get finally as the desired

functional relation between h and v,

fb)

Differentiating by the power formula,

.74 dh .74 dv
.

dt
-

dt

Therefore, when v=5.85 (half filled) and dv/dt=l (rate of inflow),

dh/dt= .74/'V
/
(5.85)

2= .74/'V
/3Z2= .23 in./sec.

is the rate at which the surface of the water is rising.

This problem illustrates a condition which is often met in

calculus: the algebra and geometry or other calculations which
are necessary for the formulation before the calculus can be applied
are longer than the direct solution of the calculus problem itself.

Thus in this case after h was expressed as a function of v in formula

(b) the differentiation and calculation of the rate were simple

operations. The tedious part of the solution of the problem
consisted not in the application of the calculus, but in deriving
the functional relation (b) and in calculating v when the cup was
half filled.

(5) A ship is sailing due north at the rate of 20 miles per hour.

At a certain time another ship crosses its route 40 miles north

sailing due east 15 miles per hour, (i) At what rate are the ships

approaching or separating after one hour? (ii) After two hours?
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(iii) After how long are they momentarily neither approaching
nor separating? (iv) At that time, how far apart are they?

Solution. We must express the

distance between the ships as a
"""**

function of the time after the second

crossed the path of the first. The
rate of change of this distance is

then their speed of approach or

separation. In Fig. 7, let P repre
sent the position of the first ship
when the second crosses its path at

O, 40 miles due north. After a cer

tain time t hours the ship sailing

east will have reached a point A,
and the ship sailing north will have

reached a point B. The distance

between them is then AB. This

distance is to be expressed as a function of the time t since A
passed and B left P.

If we take as reference point, and let OA=x, OB=t/, AB=s,
then OP=40 and

s=Vx2+y2
. (a)

Now, the rate of the ship B is dy/dt=2Q and of the ship A dx/dt
= 15 miles per hour. Therefore, after the time t hours has passed,

B has covered the distance PB= 2CM and the ship A the distance -

OA=15-. Then, OB =OP-HB = 40-20-t Therefore,

x=15t, t/= 40-20*. (b)

Using these values of x, y in equation (a) gives for the distance

FIG. 7.

=V(1502
+(40-20*)

2=V625^-1600H-1600

(c)
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TMs is the desired relation between the distance s between
the ships, and the time t after the crossing at 0. If at any time
the rate ds/dt is positive, the distance is increasing, that is, the

ships are separating. If at any time it is negative they are ap
proaching. To find the fate ds/dt we must differentiate equation

(c). Using the square root formula and taking account of the

constant multiplier 5, we get

[d(25t
2- 64Z+64) 1

ds=5
L

Differentiating the expression in the numerator of this fraction

by the sum rule and each of the individual terms by the appropri
ate formula, this becomes:

>

2
-~64*+64

5 50* $-64 dt 5(25Z-32) dt

"2 V25Z2-642+64 V25*2-64J+64

5(25-32)
(d)

In order to calculate the required results (i) to (iv) we proceed
as follows:

(i) After 1 hour =1 and ds/dt= 5(25 32)/V25-64+64.

.*. ds/dt= 7 mi./hr. and^the ships are approaching.

(ii) After 2 hours 2 and (fa/ctt=5(50-32)/V100-128+64

.*. ds/dt= +15 mi./hr. and they are separating.
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(iii) At the instant when they just cease to approach and begin
to separate they are at their nearest positions and momentarily
are neither approaching nor separating and ds/dt=Q.

and for this fraction to equal zero the numerator must be zero.

/. 5(25^-32) = 0, or 252-32=

.'. =
1-^g- hours= 1 hr. 16 min. 48 sec.

(iv) After a time t= 1^- hours, equations (b) give

x= 96/5 mi., y= 72/5 mi.

The distance between the ships is then according to equation (a)

Or, directly by equation (c),

= m.

This completes the solution. Section (iii) of this problem
illustrates a use of the derivative which we shall find to be very

important.

(6) An aeroplane flying horizontally in a straight line at a
rate of 60 males an hour and an elevation of 1760 feet crosses at

right angles a straight level road just as an automobile passes
underneath at 30 miles per hour. How far apart are they and at

what rate are they separating one minute later?

Solution. In Fig. 8 let C represent the position of the aero

plane at the instant when the automobile is vertically below it at

the point O. Then CP is the direction of the aeroplane and OB
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that of the automobile. If the arrows indicate the motion, then

after a time t minutes they will occupy the position P and B and

the straight line distance between them is the inclined diagonal

PB = s. We have to find an expression for 5 at any time t and also

its rate ds/dt.

Draw OA parallel to CP; draw the vertical line PA to the

point vertically under P; draw AB; and denote the distances by

FIG. 8.

Xj y, h as shown. Then OAB is a right triangle with legs OA and

OB and hypotenuse AB, and PAB is a right triangle with legs AP
and AB and hypotenuse PB= s. Therefore,

s
2=AB2+&2

,
and AB2=z2

+2/
2

-

*
5='>/ ~\~y ~~\~h (a)

Since the aeroplane is travelling at the rate dx/dt= 60 miles per

hour=l mi./min. and the automobile at the rate dy/dt=3Q miles

per hour=
ijjjr mi./min., then, at the end of t minutes they are at

the distances from the crossing point of

(b)
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since 1760 feet is one third of a mile. Using these values of x, y, h

in (a) we have

.-. s=^V45?+4 (c)

is the distance between the aeroplane and the automobile at any

time t minutes after the crossing, and the rate at which they are

separating is ds/dt. From (c)

(d)
/45 2+4

is the rate at which they are separating at the time t.

Using (c) and (d) we are to calculate the distance and the rate

s, ds/dt at the end of one minute. Thus t= 1 and by (c)

by (d),

2A/45+4 14min.
'

hr.

In the same way formulas (c) and (d) will give the distance

and relative velocity of the two at any other time in minutes.

22. Problems for Solution. The following problems are in gen

eral similar to those solved and explained in the preceding article.

In each case the quantity or variable whose rate is to be found

is to be expressed as a function of the variable or variables whose

rates are known. Differentiation by the appropriate formula and

division by dt will then give the formula involving the rates, from

which the desired result is to be obtained.
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Suggestions are given in some cases and a figure should be

drawn whenever the nature of the problem will allow. Care must
be used in the algebraic formulations and transformations.

PROBLEMS

1. Air is blown into a spherical rubber balloon at such a rate that the

radius is increasing at the rate of one-tenth inch per second. At what
rate is the air being blown in when the radius is two inches?

(Hint: The required rate is dV/dt, where V is the volume.)
2. A metal plate in the shape of an equilateral triangle is being heated

in such a way that each of the sides is increasing at the rate of ten inches

per hour. How rapidly is the area increasing at the instant when each

side is 69.28 inches?

3. Two points move, one on the OX axis and one on OY, in such a

manner that in t minutes their distances from are

#=2 2
-6j5, ?/=6-9

feet, (i) At what rate are they approaching or separating after one
minute? (ii) After three minutes? (in") When will they be nearest

together?

(Hint: Find s and ds/dt. In (iii) put ds/dt=Q.)
4. A man whose height is six feet walks directly away from a lamp

post at the rate of three miles an hour on a level pavement. If the lamp
is ten feet above the pavement, at what rate is the end of his shadow

travelling?

(Suggestion: Draw a figure and denote the variable distance of the
man from the post by x, that of the end of the shadow by y, and express

y as a function of x by similar triangles.)

5. At what rate does the shadow in Prob. 4 increase in length?
6. A man is walking along the straight bank of a river 120 feet wide

toward a boat at the bank, at a rate of five feet a second. At the moment
when he is still fifty feet from the boat how rapidly is he approaching the

point on the opposite bank directly across from the boat?

(Draw figure, let x= distance to boat, and formulate distance to point

opposite.)
7. A man standing on a wharf is hauling in a rope attached to a boat,

at the rate of four feet a second. If his hands are nine feet above the

point of attachment how fast is the boat approaching the wharf when it

is twelve feet away?
8. One end of a wire wound on a reel is fastened to the top of a pole
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35 feet high; two men holding the reel on a rod on their shoulders five

feet above the level ground walk away from the pole at the rate of five

miles an hour, keeping the wire straight. How far are they from the pole

when the wire is unwinding at the rate of one mile an hour?

9. A three-mile wind blowing on a level is carrying a kite directly

away from a boy. How high is the kite when it is directly over a point

100 feet away and he is paying out the string at the rate of 88 feet a minute?

10. Two automobiles are moving along straight level roads which

cross at an angle of sixty degrees, one approaching the crossing at 25

miles an hour and the other leaving it at 30 miles an hour on the same side.

How fast are they approaching or separating from each other at the

moment when each is ten miles from the crossing?

11. Assuming the volume of a tree to be proportional to the cube of

its diameter (V=k-LP where k is a constant) and that the diameter in

creases always at the same rate, how much more rapidly is the tree grow

ing in volume when the diameter is three feet than when it is six inches?

12. In being heated up to the melting point, a brick-shaped ingot of

silver expands the thousandth part of each of its three dimensions for

each degree temperature increase. At what rate per degree (dV/dT,
where T is the temperature) is its volume increasing when the dimensions

are 2X3X6 inches?

13. Sand is being poured from a dumping truck and forms a conical

pile with its height equal to one third the base diameter. If the truck is

emptying at the rate of 720 cubic feet a minute and the outlet is five feet

above the ground, how fast is the pile rising as it reaches the outlet?

14. A block of building stone is to be lifted by a rope 50 ft. long

passing over a pulley on a window ledge 25 feet above the level ground.

A man takes hold of the loose end of the rope which is held five feet

above the ground and walks away from the block at ten feet a second.

How rapidly will the block begin to rise?

15. The volume of a sphere is increasing at the rate of 16 cu. in. per

second. At the instant when the radius is 6 in. how fast is it increasing?

16. A rope 28 feet long is attached to a block on level ground and runs

over a pulley 12 feet above the ground. The rope is stretched taut and

the free end is drawn directly away from the block and pulley at the rate

of 13 ft. per sec. How fast will the block be moving when it is 5 feet away
from the point directly below the pulley?

17. A tank is in the form of a cone with the point downward, and the

height and diameter are each 10 feet. How fast is the water pouring in

at the moment when it is 5 feet deep and the surface is rising at the rate

of 4 feet per minute?
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18. The hypotenuse AB of a right triangle ABC remains 5 inches long
while the other two sides change, the side AC increasing at the rate of

2 in. per min. At what rate is the area of the triangle changing when AC
is just 3 inches?

19. A spherical barrage balloon is being inflated so that the volume in

creases uniformly at the rate of 40 cu. ft. per min. How fast is the surface

area increasing at the moment when the radius is 8 feet?

20. A fighter plane is flying in a straight line on a level course to cross

the course of a bomber which is also flying on a level course in a straight
line. The fighter is at a level 500 feet above the bomber, and their courses

cross at an angle of 60 degrees. Both planes are headed toward the

crossing of their courses and on the same side of it, the bomber flying at

200 miles per hour and the fighter at 300. At the moment when the fighter
is 10 miles and the bomber 7 miles from the crossing point, how rapidly
are they approaching one another in a straight line joining the two planes?



Chapter V

DIFFERENTIALS OF TRIGONOMETEJC FUNCTIONS

23. Angle Measure and Angle Functions. If through the

center of the circle in Fig. 2 (article 2) we lay off the horizontal

line OX of Fig. 1 (article 1), join the points and P, and draw

through O the vertical OY, we get Fig. 9. Figure 9 is thus a com
bination of Figs. 1 and 2 and there are differentials to be measured

horizontally, vertically and tangentially.

Motion measured parallel to OX toward the right is to be

taken as positive and toward the left as negative, as in Fig. 1;

similarly motion parallel to OY and upward is positive, down
ward is negative. Also as in Fig. 2, if the point P moves in the

direction opposite to that of the end of the hand of a clock

(counter clockwise), the differential of length along the tangent
PT is taken as positive, the opposite sense (clockwise) as negative.

As in Fig. 1, horizontal distances are denoted by x, similarly

vertical distances are denoted by y. Distances measured along

the circumference of the circle are denoted by s and differentials

of 5, taken along the instantaneous tangent at any point P, by ds,

as in Fig. 2.

With the above system of notation x, y are then called the

coordinates of the point P, and if we imagine the point P to move

along the tangent line PT with the direction and speed it had at P,

covering the differential of distance ds in the time dt as in Fig. 2,

the coordinate y will change by the differential amount dy in the

positive sense and x will change by dx in the negative sense. If

the angle AOP be represented by the symbol 8 (pronounced

"theta") then as P moves along PP' the radius OP a will turn

49
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about the center and 6 will increase by the positive differential

of angle dO.

The question we now have to answer is this: When P moves

through a space differential ds and the angle 6 changes by the cor

responding differential d6, what are the corresponding differentials

of the angle functions of 6, that is, what are the values of the

differentials rf(sin 6},
Y

d(cos ff), etc.?

Since sin 0, cos 6,

tan 6
3 etc., are func

tions of the independ
ent variable 6, then as

we have already seen

their differentials will

depend on dd and also

on some other func

tion of 6 itself. In

the present chapter
we shall find the for

mulas giving these dif

ferentials.

In order to find

the differentials of the

angle functions, or an

gular functions (also

called circular and trigonometric functions, for obvious reasons)
we need to understand the method of measurement of 8 and dd.

If the angle is expressed in degree measure, then the unit of angle
is such that the arc intercepted on the circumference by a central

angle of one degree is equal in length to the 360th part of the cir

cumference. This is the system used in ordinary computation
and in the trigonometric tables.

A more convenient system for formulation and analysis is the

so-called circular measure, in which the unit of angle is such that

the arc intercepted on the circumference by a central angle of one

FIG. 9.
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radian is equal in length to the radius of the circle. Then since

the entire circumference equals 2?r times the radius, it equals 2?r

times the arc of one radian and there are 27r radians of angle in

the circle. Thus, if the radius of the circle is a, one radian inter

cepts an arc of length a, and an angle of radians intercepts an
arc of times a. If, therefore, the point P in Fig. 9 moves a
distance along the circumference of MP==s while the line OP
turns through an angle the length of MP is

*= a-0. (29)

By the use of the circular measure we have that 360 =2x radi

ans, 180 = TT and 90 =
^7r, with corresponding conversions for

other angles. These values will be found more convenient than
the values expressed in degrees, and the formula (29) is a much
more convenient formula for the length of an arc than the corre

sponding formula in which the angle is expressed in degrees. Except
for numerical computation in which the trigonometric tables have
to be used we shall use circular measure throughout this book.*

We now proceed to find the differentials of the angular func

tions, beginning with the sine and cosine.

24. Differentials of the Sine and Cosine of an Angle. In Fig. 9

we have, by trigonometry, in the right triangle AOP,
y %

sin0=_, cos0=-
a a

dy dx
d(sin0) = , d(cos0)= , (30)

a a

since a is constant. We have also, since PT is a tangent and

perpendicular to OP, and BT is perpendicular to OA, the angle
PTB is equal to 0. Therefore in the right triangle PTB, by
trigonometry,

(dy) -(dx)
-=cos 0,.

(da) (ds)
* A detailed explanation of this system of angle measure is given in the

author's "Trigonometry for the Practical Man," published by D. Van Nos-
trand Company, New York, N. Y.
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(dx being negative in the figure as already pointed out). Hence

dy= (cos 0) ds, dx~ (sin 0) ds. (31)

If we now go back to equation (29) and differentiate it by
formula (E), a being constant, we get

ds=add

and this value of ds substituted in the two equations (31) gives

d2/
= (cos 0) -a d0, efo= (sin 0) -a dQ,

or

dy dx
= cos0-d0, = sin0-d0.

a a

Substituting these values of dy/a and dx/a in equations (30)

we have finally,

d(sin 0) cos - dB (M)

d(cos0)=-sin0-d0. (N)

Thus the answer to our question in the preceding article is

that the differential of the sine of an angle is the differential of

the angle multiplied by the cosine, and the differential of the cosine

is the differential of the angle multiplied by the negative of the

sine.

From formulas (M) and (N), the rates of the sine and cosine

are,

d(sin0) dB d(cos0) dd
= cos 0, = sin (32)

dt dt dt dt

and the derivatives with respect to are,

d(sin 0) d(cos 0)= cos 0,
-= -sin 0. (33)

dd dd

25. Differentials of the Tangent and Cotangent of an Angle.
The differential of the tangent is foxuid by applying the fraction
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formula (K) to the following expression, which is obtained from

trigonometry:

sin

cos

Differentiating this by the formula (K) we get

/sin 0\ cos d(sin 0) sin d(cos 0)/sin 0\

d(tan0)=d( )=
Vcos 07 COS

2

cos (cos dff) sin 0- (sin dff)__

_ (cos
2
0+sin

2
0)d0 1

cos
2

cos
2

since cos
2
0+sin

2 0=1. Also, I/cos 0=sec 0; therefore,

d(tan0)=sec
2
0d0. (P)

The differential of cot may be found by using the relation

from trigonometry cot 0=cos 0/sin0, and proceeding as in the

case of the tangent. The following method is, perhaps, shorter.

From trigonometry, cot 0= I/tan 0; therefore, by (J) and (P),

/ 1 \ 1

d(cot 0)
=

d[ I
= d(tan 0)

Vtan 07 tan2

1
2

/cos0\2/ 1 \
2

tan2 Vsia 07 Vcos 07

(Q)

1
since =csc0.

sin0
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26. Differentials of the Secant and Cosecant of an Angle. Since

sec =
9

cos cos

1 1 sin

(sin dd} =---d0,
cos cos 6 cos

or,

d(sec 0)
= sec tan 6 dd. (R)

Similarly;

/ 1 \ 1

d(csc 0) =d(- )=--r d(sin 0)
Vsin 07 sin

2

1 1 cos 6
=--

5 cos d0=----d.
sur sin sin

**. d(csc 0)
= esc cot dd. (S)

This completes the list of differential formulas for the usual

trigonometric or angular functions. There are several other

angular functions which are of use in certain special branches of

applied mathematics, but these are not useful in ordinary work
and we will not consider them here. We give next the solution

of some examples showing the use and applications of the above

formulas.

27. Illustrative Examples Involving the Trigonometric Differ

entials. In this and the following articles the use of the differ

ential formulas (M) ; (N), (P), (Q), (R), (S) derived in this chap
ter will be illustrated by applying them to a few simple examples
and problems. Whenever necessary the previous formulas (A)

to (L) 7 whose uses have already been illustrated, will be used

without referring to them by letter.

1. Find the differential of 3 sin 0+a cos 0.
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Solution. This expression being the sum of two terms, and
3, a being constants, we have

d(3 sin 6+a cos 6} =3-d(sin 0)+a-d(cos 8)

=3(cos0d0)+a(--sin0d0)

=
(3 cos 6 a sin ff)d8.

2. Differentiate sin 26.

Solution. By formula (M), 2 being constant,

d(sin 20) = cos (20) d(20) = cos (20)
- 2dd= 2 cos 20 d0.

3. Differentiate sin (a;

3
).

Solution. By formula (M), x3 replacing 0, we get

d[sm(x^] = cos(x^-d(x
z
), and d(x*)

.'. d[sm (#
3
)]
=3x2 cos x3

dx.

4. Find d(cos V^)-

Solution. By formula (N), -\/S replacing 0, we get

.= sin

5. Find d[tan (2z
2
+3)].

Solution. ^By formula (P), (2a;
2
-f-3) replacing 0, we get

d[tan

But

Therefore

d[tan (2o;
2
+3)]=4a; sec

2

6. Differentiate J sec (20
2
).

Solution. By formula (R), 202 replacing 0, we have

d[J sec (20
2
)]
=

i-cZ[sec (20
2
)]
= J sec (20

2
) tan (20

2
)

-
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But

Therefore

d(\ sec 20
2
)
= e sec 20

2 tan 20
2 d.

7. Differentiate (sin #)
3

.

Solution. This being a power of a variable, we have

d(sin x)
3 = 3 (sin #)

2
d(sin a;)

=3(sin #)
2
-cos x dx,

or since (sin re)
3

is generally written sin
3
x.

d(sin
3
x) =3 sin

2 # cos x <ir.

8. If y=csc
2
(%x) find dy/dx.

Solution. By formula (S), esc
2
being a power, we have

and

f /X\] /\ /a;\ /
cscl -

)
= cscl - cotl -)<-

L \2/J \2/ W V2

1 /a;\ /\
= cscl - Icotl - to

2 W \2/

dy x x
/. = esc - cot -.

dx 22
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9. 2/=cot ad. Find dy/dt.

Solution. By formula (Q), a being constant,

dy=d[cot (afl)]
= -esc2 (ad) -d(aB)

= a csc? ad- dd

dy^
~dt~"~~'

10. Differentiate 2Vtan 0.

Solution. Using formulas (G) and (P),

d(taa 0)

57

dd
ad .

dt

)=2-<

sec
2

dfl

-\/tan0

28. Illustrative Problems. 1. The crank and connecting rod of

a steam engine are three and ten feet long respectively, and the

FIG. 10.

crank revolves at a uniform rate of 120 r.p.m. At what rate is

the crosshead moving when the crank makes an angle of 45 degrees

with the dead center line?

Solution In Fig. 10 let OC represent the dead-center line

and the circle the path of the crank pin P. Then C will represent

the crosshead, CP the connecting rod and OP the crank. As P

moves steadily round the circle in the direction shown C moves
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back and forth at different rates along OC. If OC=x and angle

POC= 0, then we are to find dx/dt when dd/dt=2 rev. per sec.=

4x radians per sec. To do this we must therefore express re as a

function of 6.

In the figure let a= crank length=3 feet and 6= length of

connecting rod=10 feet. Draw PA perpendicular to OC. Then
for varying positions of P, A and C will have different positions

but always

.In the right triangle PAC the hypotenuse formula gives

AC= A/62 AP2
(b)

.and in the right triangle POA by trigonometry

OA=acos0, AP=asin0. (c)

Substituting this value of AP in (b),

AC=vV-a2
sin

2
0,

,and this value of AC together with the value of OA in the first of

equations (c), when used in equation (a) gives finally

x= a cos 0+V&2 -a2
sin

2
? (d)

which expresses x as a function of the angle 0. In order to find

the rate dx/dt this equation must be differentiated to get dx.

Differentiating equation (d) and carrying out the transforma-

iions and simplifications, this gives:

dx=d(a cos 0)+d(V&
2-a2

sin
2
0)

=a( sin

2V&2
-~a

2
sin

2

d(a? sin
2
0)

2V62-a2
sin

2
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= asin.6 dd

a2 sin 6 cos 6 dQ

a2 sin ^ cos 6 dQ

a sin 6

dx

dt

= a sin

Now a=3, 6= 10, (-) =11.1, -=4ir.
\a/ at

dx / cos B \
"

dt~~~~ \ Vll-l-sin
2
0/

When =45, sin =
.707, cos 45 = .707.

.707 \=====. IX
'

L.1-(.707)Vdt \ Virr-(.707)
2

= -32.44 ft./sec.

Similarly when 6= 2,70, sin 8= - 1, cos 6= 0.

707

+37.70 ft./sec.

59
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In the same way as here worked out for 0=45 and 270 the

velocity of the crosshead C, dx/dt, could be calculated for any
value of 0, that is, any position of the crank OP. In the first case

here worked out the negative value of dx/dt means that x is decreas

ing, that is, C is approaching 0, the crosshead is moving toward

the left. In the second case the positive sign means that it is

moving to the right, x is increasing. In the same way formula (e)

would give a negative value for any position of the crank pin P
above the horizontal line OC and a positive value for any position

below this line. This serves as a check and test of the differential

formula, for it is at once seen by examining the figure that this

is correct.

2. A man walks across a diameter, 200 feet, of a circular

courtyard at the rate of five feet per second. A lamp on the wall

at one end of a diameter perpendicular to his path casts his shadow
on the circular wall. How fast is the shadow moving (i) when
he is at the center, (ii) when 20 feet from the center, (iii) and at

the circumference?

Solution. In Fig. 11 let CB be the path of the man, and L
the position of the lamp. Let M represent the position of the

man at any particular instant and y his distance from the center

0. Then P is the position of the

shadow on the circular wall and s

its distance AP along the curved

wall from A, ds being the differen

tial of s in the momentary direc

tion of the tangent, which is con

tinually changing so as to follow

the curve, as described in article 2.

In order to find the rate of the

shadow ds/dtj when that of the

man dy/dt, is known we must as

usual find the relation between

y and s.
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Draw OP and, as in Fig. 9, let angle AOP=0, arc AP=s.
Also let the radius OL=OA=a; ds is indicated by the arrow. If

a line were drawn from the end of this arrow to L, the distance

between the point where it crosses OB and the point M would be

dy}
the change in y corresponding to ds; and if a line were drawn

from O to the end of the arrow, the angle between this line and

OP would be dd, the change in 6 corresponding to ds.

Using the notation just stated, we have as in Fig, 9

s=a-0. (a)

Also, by geometry, the angle PLA= J (angle POA). Hence, angle

MLO= %d and in the right triangle MOL

2/=atan(J0). (b)

Differentiating (b) and (a),

or,

dy= |a sec
2
(|0) dd; ds= a dd.

2 1

From the first of these results, dd=---^r-dy> an(i ^s value of
a sec

j
f

dd in the second gives

ds
sec

2

Since y and a are known at any time, it is convenient to use

tan |0 rather than the secant. In order to make the transforma

tion we use the relation from trigonometry, sec
2= l+tan2 for any

angle. Therefore, equation (c) can be written as

2
ds=-rr~^/-

1+tan
2
J0

. ^!=_J_ *L
(d)

dt 1+tan
2
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This gives the rate of the shadow in terms of the angle MLO and

the rate of the man. Now, from the figure tan %Q=y/a and we
have given a 100. Therefore, tan ^Q=*y/lQQ, also dy/dt=5, the

rate of the man. Using these values, formula (d) becomes

10

dt v2*

When the position of the man is stated, his distance y from

the center is known, and therefore the rate of the shadow on the

wall ds/dt, is immediately calculated from this formula. We have

three positions of the man given.

(i) When he is at the center y=Q, hence ds/dt= 10 ft./sec.

(ii) When he is 20 feet from the center y=2Q, then

2//100=-|-, hence d8/dt=10/[l+($)*]=&fa ft./sec.

(ni) When he is at the circumfer

ence^=100, then

=l and =^5 ft./sec.

This is a very interesting appli

cation of the trigonometric differen

tiation formulas, as it also includes

the method of circular measure of

angles and arcs and a very instruc

tive trigonometric formulation and

transformation, beside the differen

tiation of the tangent of an angle.

3. An elliptical cam arranged as

in Fig. 12 rotates about the focus F
as an axis and causes the roller at P

to move up and down along the line FP. If the diameters of the
<3am are six and ten inches and it rotates at the rate of 240 r.p.m.,

TIG. 12.
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how fast is the roller moving at the moment when the long axis

of the cam makes an angle of sixty degrees with the line of mo
tion of the roller?

Solution. Let FP=r and angle AFP= 0, and let the half of

the long and short diameters respectively be a and fe. We then

have given d0/d=4 rev./sec. = 87r radians/sec., a=5 in., 6=3 in.,

and are to find dr/dt when 0=60. First we must have a relation

between r and in order to find dr in terms of 6 and d6. For the

figure of an ellipse this is known to be

,--*
60

a(lecos 0)

. where

(b)

In equation (a) therefore 6 and e are constants and we have to

find dr by differentiating (a). Writing (a) as

=-( \
a \l-ecos 07

b2

r

a \1 e cos 0,

and by the formula for a reciprocal,

6
2
f d(l e cos 0) 1 &

2

|"
d(e cos 0) 1

"

a L (l-e cos 0)
2
J ""a 1(1 -e cos 0)

2
J

__ I . I

aL(l-ecos0)
2
J

dr Z)
2
6 sin d0

=r (C)
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Since a=5, b=3, equation (b) gives e=; also 6
3= 9 and

Sv. Using these values, the cam data, (c) becomes

dr 57.67T sin 6

2
"

dt 5(1
- cos 0)

This formula gives the instantaneous rate at which the roller is

moving for any particular value of the angle between its line of

motion and the long axis of the cam, and as the cam rotates about

F the angle 6 of course varies.

When = 60, sin 6= |\/3 and cos 0= J. At this instant

V3
57.67TX-

*-__-1
dt 5(l--i)

2

= 87.1 in./sec.

dr
=-7.25 ft. /sec.,

d

the negative sign indicating that r is decreasing, and therefore the

roller is moving downward.

For other values of 0, that is, at other particular instants, the

rate may be positive or negative, depending on the signs of the

sine and cosine of the angle, for of course the roller will move both

upward and downward in turn.

EXERCISES AND PROBLEMS

Find the differential of each of the following expressions:

1. sin 2x+2 sin x. 5. sins- cos z.

2. cos2 z+sin3 x. 6. x sin x.

3. cos3 rc+cosx
3
. 7. |0cos20.

4. cos Vl-^ 8 * i(tan 2x cot 2x)'
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Find the derivative of each of the following expressions:
cos x

9.-9 12.

10. sin a; -sin 2s.
13 ' ^

1 cos#*

14. sin(z-fa)-cos(:r a), a constant.

Formulate each of the following problems and solve by the use of

rates or derivatives as in article 28:

15. A person is approaching a 500-foot tower on a trolley car at the

rate of ten miles per hour and looking at the top of the tower. At what
rate must he be raising his head (or line of sight) when the car is 500 feet

from the tower on level ground?
(Hint: Draw figure, call base line x, angle between x and line of sight 0,

and find dB/dt in radians and degrees per second, x decreasing.)

16. A signal observation station sights on a balloon which is rising

steadily in a vertical line a mile away. At the moment when the angle of

elevation of the telescope is 30 degrees and increasing at the rate of J
radian per minute, how high is the balloon and how fast is it rising?

17. A high-speed motor torpedo boat is moving parallel to a straight

shore line at 40 land miles per hour, If miles from the shore, and is fol

lowed by a search-light beam which is trained on the boat from a station

half a mile back from the shore. At what rate in radians per minute must
the beam turn in order to follow the boat just as the boat passes directly

opposite the station, and also when it is half a mile farther along the

shore past the station?

18. A fighter plane is travelling at 300 miles per hour in a horizontal

straight line and passes an enemy plane travelling in a parallel line at the

same level at 250 miles per hour in the same direction. A gunner in the

bomber trains his machine gun on the enemy plane as soon as he comes

in range and turns the gun to keep his sights on the plane as he passes

while firing on it. If the courses of the two planes are 200 yards apart
how rapidly must the machine gun be turned to follow the enemy plane

just as they pass, and also half a minute afterwards?

19. If /=2 sin0 cos 26, is / an increasing or decreasing function of 6

when 0=45, and when = 150? What is the rate of increase in each

case, if is increasing at the rate of f radian per minute?

20. The turning effect of a ship's rudder is shown in the theory of naval

engineering to be T=k cos 0-sin2 0, where is the angle which the rudder

makes with the keel line of the ship. When the rudder is turning at

J radian per minute, what is the rate at which T is changing, in terms of

the constant Jc
}
at the moment when = 30 degrees?



Chapter VI

VELOCITY, ACCELERATION AND DERIVATIVES

29. Rate, Derivative and Velocity. We have based our idea of

a differential on that of a rate and defined the differential of a
variable y as the quantity dy which when divided by the corre

sponding quantity for time dt, gives the rate of the variable

dy/dL
We have, also, in Chapter II, found that when the variable y

is a function of an independent variable x, 2/=/(), then dy/dx is

a new function of x, f'(x), called the derived function or the deriva

tive of y with respect to x. By comparison with dy/dt it is seen

at once that dy/dt, the rate of y, is simply the derivative of y with

respect to t. If, therefore, we have any quantity expressed as a

function of t, we can at once find its rate by finding the derivative

of the function with respect to t
}
which in turn is simply the differ

ential of the function divided by dt.

As an illustration, consider the example given in article 9,

5=16^, in which s is the space in feet covered by a freely falling

body in t seconds after beginning to fall. Now, when

(34)

ds
=32*. (35J

dt

This is the derivative of s, when s is the function of t expressed

by equation (34).

66
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Now, ds/dt is the rate of s, that is, the space rate of the falling

body, and this is nothing more than the speed v. That is,

ds
v=. (36)

As a second example, consider a train which travels in such a

way that the distance covered in feet in any particular time after

the moment of starting is equal to 44 times the number of seconds

which have elapsed since the start. This can be expressed by

(37)

ds
=44,

dt

that is,

?;=44ft./sec. (38)

This result is, of course, simply the mathematical expression of

the statement first made concerning the time and distance, for

distance= (speed) X (time) at all times when the speed is constant.

These last equations, therefore, are simply a test or check of the

rate and derivative definitions in a case which is completely

known in advance. Let us examine a little further, however, the

ideas here involved.

30. Acceleration and Derivatives. There is another consider

ation of importance in connection with the two examples just

given. In the case of the train, the speed is constant. It is well

known, however, that the speed or velocity of a falling body is

not constant, but steadily increases as long as the body continues

to fall. This change in velocity is called acceleration. We have

just seen that if we can give in symbols a description of the mo
tion in the course of time, that is, express the distance covered

as a function of the elapsed time, then the calculus provides a

simple way to express the velocity at any time. The question
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next suggests itself, "Is there any such way to express the accelera-

tim?"

The velocity is the rate of change of the distance, the deriva

tive of s with respect to t. Similarly, the acceleration, being the

rate of change of the velocity, must be the derivative of v with

respect to t,
that is (using a for acceleration) ,

a=-, (39)
dt

and this is the answer to our question.
dy

It is sometimes convenient to write the derivative in the
dt

form (y) in the same way as we may write the differential dy or

dt

d(y). Thus we might say, "the derivative of y with respect to

dit

t" and write it , or, "the derivative with respect to t, of y
79

dt

and write it (y). This form of writing the derivative is very
dt

convenient in the case of involved expressions which may be

easily inclosed in brackets but which are not conveniently written

as the numerator of a fraction with, say, dt as denominator.

Using this method, we may write equation (39) as

But, by (36),

d

-*
Therefore,
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that is, the derivative of the derivative, taken with respect to the
same variable. This is called the second derivative of s with respect

2 dzs
(s) or . Thus (39) becomes.

dt

d2s
(40)

The figure "2" used in this symbol is not an exponent and does
not indicate the square of the derivative, but simply indicates

that the operation of differentiation is performed twice in suc

cession on the same variable or function. The square of the deriva-
/ 7 \ 2

tive is denoted in the usual algebraic manner by writing ( ) .

To illustrate the meaning of equation (39) or (40) let us apply
it to the case of the freely falling body. We found that the veloc

ity at any moment t is given by

ds
y=~-=3

dt

The acceleration is, therefore,

dv d2s d /ds\ d dt= = =-
)=-(32J) =32-.

t/

- - =-.
dt dt

2
dt\dt/ dt dt

.*. a=32 (ft./sec.) per sec.

This states that the acceleration is constant which means that in

this case the velocity increases uniformly, steadily. This accelera

tion is due to gravitation and the value a=32 (more accurately

32.16) is referred to as the acceleration of gravity and generally
denoted by the letter g. Acceleration in general, of any other

value or cause, is generally denoted by a.

Next let us apply the equation (39) or (40) to the case of the

train considered above. Since in this case the velocity is constant
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it has no rate of change, that is, there is no acceleration. This

is expressed by saying that a=0 and if our method is correct we
should get tHs result by differentiating the velocity equation of

the train. This is equation (38) and since

0=44

dv d
a= = (44) =0,

dt dt

since 44 is a constant and its differential and therefore its deriva

tive is zero. Thus the acceleration is zero as expected.

The notion of a derivative with respect to time (rate) as veloc

ity and the second derivative as acceleration is thus seen to be

entirely consistent with the physical relation of these terms and

their definitions.

31. Second and Higher Derivatives of Functions. In defining

and deriving the second derivative of s with respect to t we had s

expressed as a function of t. Similarly we define and derive the

second derivative of any dependent variable with respect to its

corresponding independent variable. Thus, if y is a function of x,

d2y
we write for the second derivative -, or sometimes for conven

ed2

ience of printing d2y/dx
2

}
as we write dy/dx. By analogy with

the notation f'(x) used to denote dy/dx, the second derivative of

the function f(x) is also written /"(#). Thus, when

and

*-rv>,
dx

then

d2
y
=/"(*). (41)
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In order to distinguish it from the second derivative, dy/dx is

called the first derivative.

Now the second derivative is the derivative of the first deriva
tive. Similarly, the derivative of the second derivative is called
the third derivative and written

A~= f'"(V).
da*

J () '

also

d^ii

^-Ax), etc.

Thus certain functions may have any number of derivatives and
the nth derivative would be written

dny

when, as above, y and x are the dependent and independent
variables.

Depending on the form of the original function some of the
derivatives may be equal to zero. Thus, in the case of the train

as formulated above, when the function s=f(t) is given by equa
tion (37) as f(t) =44i, we found that f(t) =44 and f'() =0. Also,
all other derivatives of this function after the first are zero. In
the case of the falling body equation (34) gives f(t)

= 16^ and we
found that /'() =32* and /"GO =32, hence f"'(t) =0, since 32 is a
constant and its differential is zero. All other derivatives of this

function are also zero.

If a certain derivative of a function is zero, it is said that the
function does not have that derivative. Thus, f(t)=4M has a
first but no second derivative, and f(f)

= 16
2
has a first and second

but no third or other derivatives.

In geometrical and technical applications, the first and second
derivatives are of the greatest importance; higher derivatives are

not so much used.
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In the next chapter we shall give an interpretation of the first

and second derivatives of any function and find a useful applica

tion for them in the solution of a very important and interesting

kind of problem.

32. Illustrative Examples.

1. Find the second derivative of

Let

V
Then

*J
dx 2

dx2 dx\dx/

2. If 2/=sin x show that the second derivative equals y.

Since

y= sin x
} dy= d(sin x) = cos x dx.

dy /dy\
;, d[ )

= d(cos x) = sin x dx.
\dx/

d2y d/dy^

~=cosrc
dx

Let
y= tan 6, dy= d(tan 6)

= sec2 6 dd.

dy
=sec~0. d\

\d>
=2 sec 0-sec 6 tan ^ dO.

= sec
2

B, d( )
=

rf(sec
2
6)
= 2 sec 6 -

d(sec 6)
\dd/

d2y
=2sec2 0tan0.
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4. Find the first, second and third time derivatives of

y=

dt \dt

&*f*
dt

2
dt\dt

_
df dt\df dt

5. In the following expression s is distance in feet and t is time

in seconds. Find the velocity (j>) and acceleration (a) at the end

of 3 seconds from the start of the motion (f=3) :

dt

d2s 9
a==_=3 2 -l.

dt
2

Substituting in the formulas for v and a the value 2=3, we get

t;= (3
3>

)
__3+1 =27-3+l = 25 ft./sec.

a= 3 (3
2
)
- 1= 27- 1 = 26 ft./sec.

2

6. Given 5= sin
2

t 3 cos t; find v and a when =1.5.

ds
v==2 sin -cos +3 sin t

dt

= sin (2J)+3sin$,

d2s
a= =2 cos (20+3 cos t.

dt
2
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Substituting in these formulas t 1.5, we get

v= sin 3+3 sin 1.5,

and

a=2 cos 3+3 cos 1.5,

and here the angular quantity is in radians, not degrees. Using
a table of functions of angles in radians, or converting the radians

to degrees, we find that

^=0.1415+3X0.9975= 3.134 ft./sec.

a=2X(-0.9900)+3X0.0707

= -1.9800+0.2121= -1.768 ft./sec.
2

EXERCISES

Find -~ in each of the following:

1. 2/=~. 6.
x

2. 2/=cos5

4. y=|x3-
<Py

5. y= cos x. Show that
-=-5=y.

Find the velocity and acceleration in each of the following at the given
time t in seconds when the distance s is in feet:

11. s=2&-
12. s=-

13. s= sin2 ,*=-.

14. *=+7, t=2.
6

15. s=2sini+cos2i,



Chapter VII

INTEEPRETATION OF FUNCTIONS AND DERIVATIVES
BY MEANS OF GRAPHS

33. Graphs and Functions. The method of representing sta

tistical data, results of experiments, or corresponding sets of

values of any two related quantities by graphs is familiar to every
one in technical work and business and in the social sciences.

If the reader has studied the ARITHMETIC of this series he is

familiar, not only with the method of plotting graphs, but also

with the method of analyzing them and determining some of their

properties, and from these the relations and properties of the

quantities represented by the graphs. The subject of graphs is

of great importance in calculus and for use in this and later chap
ters we discuss here some of the principal ideas connected with

graphs which we shall need.

Let us begin with an illustration. Suppose that the average

temperature for each month of the year for a certain neighborhood

is given by the table below, being expressed in degrees Fahrenheit.

75
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A study and comparison of such figures will give a fair idea of how
the weather changes as the time passes, but the table does not

convey a complete single picture of the temperature variation for

the entire year.

The above corresponding set of months and temperatures is

plotted as a graph in Fig. 13, in which the numbers of the months

are laid off horizontally and at the point or distance correspond

ing to each month is erected a vertical line of a certain length,

which represents the corresponding number of degrees for that

month as laid off on the vertical line at the left of the diagram.
The broken line joining the upper ends of these lines is called the

graph of the average temperature for the year.

45678
No. of Month

FIG. 13.

10 11 12

A glance at the graph shows the temperature for any month as

well as the table. It enables a comparison for the different months

to be made at a glance, and it shows also in one glance the variation

of the temperature as the time passes. There is no relation be

tween the temperature and the time of the year such that the

temperature can be calculated or known exactly in advance, and

as it varies slightly from year to year, it can only be determined
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by experience and observation. The facts remain, however, that

the temperature depends on the time of the year and that to each

time there corresponds a certain temperature.

As a second example, suppose that a certain commodity is

bought by weight at a set price per pound but delivered by truck

at a certain price per trip without regard to weight, that is, up to

the limit of the truck capacity. The total cost will then be equal
to the sum of the price, which depends on the number of pounds,
and the delivery charge which is fixed. The cost, therefore,

varies with the weight. If the price per pound is 50 cts. ($|) and
the delivery charge is $5, then, if we represent the number of

pounds by P and the total cost in dollars by C, we can represent
it or calculate it by the formula

C=|P+5. (42)

The total cost (Cf) is calculated by this formula for different num
bers of pounds (P) and tabulated in the table below.

These values are plotted in the graph of Fig. 14, in which the

lines have lengths already marked on them and it is only neces

sary to mark a point to indicate the corresponding values of P
and (7.

It is seen that the graph is a straight line and that for any
value of P and not only for even hundreds, the corresponding

value of C can be found by locating the value of P on the hori

zontal base line, from that point running up a vertical line to
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the graph., and then following the horizontal which there inter

sects the graph until the main vertical line at the left is reached.

The corresponding value of C is then read on this line.

800

200

100

200 400

FIG. 14.

600 800

In each of the graphs, Figs. 13 and 14, the horizontal base

line and the main vertical line are called the horizontal and vertical

axes, the values read horizontally are called abscissas, the values

read vertically are called ordinates, and the corresponding abscissa

and ordinate for any point on the graph are called the coordinates

of that point. In this connection the axes are also called the

coordinate axes. The graph in Fig. 14 is called the graph of the

equation (42) and (42) is called the equation of the graph of Fig. 14.
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in many cases graphs are not straight lines and the general
name curve is used to apply to all graphs whether actually curved

or straight.

In Fig. 13 a value of temperature corresponds to each value

of the time or month of the year, and in Fig. 14 a value of C to

each value of P. According to the definition given in article 8,

therefore, the temperature is a function of the time of year and C
is a function of P. In the case of the temperature the function

is not represented by any formula or equation; in the second case

the function C=/(P) is represented by equation (42).

Thus if any two variables have a known relation such that

one is a function of the other the relation can be represented by
a graph or curve, which is called the graph of the function, and if

the function can be expressed in a formula or equation, this equa
tion is called the equation of the curve. If the equation is known,
the curve can always be plotted from it as equation (42) is plotted

in Fig. 14. If the curve is plotted from experimental or observed

values of the variables, the equation of the curve can frequently

but not always be obtained from it.

Two other examples of functions and their graphs are given

below. In the first, Fig. 15, we let x, y represent any two variables

(x the independent variable) such that y is the function of x given

by
2/=z

2
, (43)

and in the second the independent variable is 6 and

2/=sin0. (44)

The graph of this function is Fig. 16.

The graph of equation (43) is plotted by assigning values to x

and calculating the corresponding values of y. The graph of

(44) is plotted by assigning values in degrees to 6 and finding the

corresponding value of sin 6 from a table of natural sines.

In Fig. 13 it is noted that in some parts of the curve the tern-
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perature increases as time passes and in others it decreases, rising

to its highest value for no. 8 (August) and then falling off. The

temperature is said to be an increasing function of the time up to

no, 8 and after that point is passed, it is a decreasing function.

Similarly, in Fig. 16 or equation (44), y is an increasing function

of from 6=0 to 0=90, from 90 to 270 y is a decreasing function

of 0, and from 270 to 360 y is again an increasing function. In

FIG. 15.

Fig. 14, or equation (42), however, and in Fig. 15 to the right of

the ?/-axis (equation (43)), C and y always increase as P and x

respectively increase. The rate of increase remains always the

same for C in Fig. 14, but in the case of y in Fig. 15 the rate itself

increases, and this rate of increase of y depends on x, y increasing

more rapidly as x increases.

If the angle between the graph and the horizontal axis in

Fig. 14 is indicated by <, the quantity tan <j> is called the slope

of the graph. This is a common term in building (for roofs), for
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describing Mil or embankment steepness (except in some kinds of

railroad work), etc. That is, the slope is defined as the tangent

of the angle of inclination to the horizontal.

In the case of the straight line graph the angle of inclination

and the slope both remain the same throughout its length and are

easily pictured and determined. In the case of the curved lines,

however, this is not the case. In the case of a curved graph such

FIG. 16.

f*s Fig. 15, in order to determine the slope a tangent to the curve

is drawn as at the point P (Fig. 15), and the angle <t> is measured

between this tangent line and the horizontal axis. Then, as

before, tan < is the slope of the curve. When the graph is not

straight it is seen that the slope varies from point to point and we

must therefore specify the particular point on the curve at which

the slope is measured and have to refer to the slope at a point.

Thus in Fig. 16 at A, the angle < is less than 90 and the slope

tan <t>
is positive, at C, < is greater than 90 but less than 180

and the slope tan < is negative. At B and D the tangent line is

parallel to the horizontal axis and the slope is zero. At the points
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where the slope is positive, the tangent line is inclined to the right,

and the function y increases as the independent variable increases.

Where the slope is negative, the tangent line is inclined toward

the left and the function is a decreasing function of the independ
ent variable,

In particular, it is to be noted that at those points where the

slope is zero the function is neither increasing nor decreasing but

is just changing over from one to the other. Thus at B, Fig. 16,

y has just ceased to increase and after B is passed it decreases,

Thus, values of y are less on either side of B than at B and the

point B is called a maximum point; it represents a maximum
value of the function y, or simply a maximum of the function.

Similarly values of y just on either side of D are greater (that is,

points on the curve are higher) than at D, and D represents a

minimum of the function y.

34. Differentials of Coordinates of a Curve. If we differentiate

equations (42) and (43) we obtain

(42a); dy=2xdx. (43a)

Since these differentials are found from the equations, it should be

possible to represent them on the curves which are the graphs

("pictures") of the equations, and this is indeed the case.

Let Fig. 14, the graph of (42), be represented below by Fig. 14a.

Then the abscissa of any point A on the line is the distance OD= P,
and the ordinate of A is DA=C. If we pass to a point B with a

slightly greater abscissa OE, the difference between the two
abscissas is DE, which is the P difference dP, and the difference

between the ordinates is the C difference FB= dC. That is, the

differentials of the independent and dependent variables P, C in

the equations (42), (42a) are represented by the changes in the

coordinates which occur in passing from one point to another on
the graph.

Next let us take the example of a graph which is not straight
and represent the right hand half of Fig. 15, the graph of eqiia-
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tion (43), by Fig. 15a below. Here the tangent line PP' makes

the angle < with the axis of x and the coordinates of the point P

C

are OA=s and AP=2/. Referring back to Eg. 2 and the defini

tion of a differential in article 3 and rate in article 2, we find that

the differential is a change which occurs in following a tangent to a
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curve. Therefore, in Fig. 15a as the point P is considered to pass

along the tangent to P', the changes dx and dy which occur in the

coordinates are equal to AB and CP' or to PC and CP' respec

tively. If the differentials are measured from some other point

than P in Fig. 15a, it is seen at once that for the same change PP'

on the tangent, the changes dx and dy on or parallel to the axes

will be different. That is, since the point on the curve is deter

mined by its abscissa, the differentials will depend on the abscissa

x. This is seen also from equation (43a), which states that the

y changes, dy, wiJl themselves change from point to point since

dy depends on x, being equal to the change dx multiplied by 2x.

In the case of the straight line graph the graph is its own

tangent. In the case of the curved graph the differentials meas

ured from a certain point on the curve are referred to the tangent

to the graph at that point. The differentials are in either case

referred to the line whose inclination to the horizontal axis gives

the slope of the curve at that point. This is an important con

sideration, as will be seen in the next article.

35. Graphical Interpretation of the Derivative We have seen

in article 29 that when the time t is the independent variable, the

rate of any variable which is a function of t is simply the derivative

of that variable with respect to t. Based on the results of the last

two articles we shall now find another interpretation of the deriva

tive.

Let Fig. 17 represent the graph of any function y of the inde

pendent variable x and draw the tangent PT at the point P on the

curve and the coordinates x=OA, y=Af at the point P. Then,

in passing along the tangent to any neighboring point Q, the

differentials of the coordinates are <fc=PC, dy=CQ. Also, the

inclination of the tangent line at P is the angle BTP=<=angle
CPQ, and the slope of the curve is tan <. From trigonometry,

in the right triangle CPQ,
dy

tan<= . (45)
dx
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But by definition (article 11) dy/dx is the derivative of the

function y with respect to x. We have, therefore, this important

result: If the graph of the equation representing any function

-/(*) (46)

be plottedj
then the derivative of y with respect to x,

(47)

is the slope of the curve.

As an illustration, consider the curve y=x?, Figs. 15, 15a

Here

y=f(x)=x
2

and by (43a),

dx
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This states that the slope of the curve at any point on the curve

having the abscissa x is twice the abscissa, 2x. For example, at

the point #=-| the slope is dy/dx1, or since by (45) tan<=l,

is the angle of inclination of the tangent line to the horizontal.

In the case of the straight line of Figs. 14 and 14a, equation (42a)

gives for the slope dC/dP= \,
that is, tan < = \= .500. Hence,

In this case, the slope does not depend on the abscissa, and there

fore, the angle <t> is the same at every point on the graph.

The above interpretation of the derivative of a function with

respect to the independent variable is of equal importance with

the interpretation of the derivative with respect to time as a rate.

In fact, we may consider the derivative of any dependent variable

as its relative rate with reference to the independent variable.

Thus, if dy/dt is the time rate of y, then dy/dx is its rate relative

too;.

Now we have seen above in article 33 that when the slope of a

curve at any point is positive, the function represented by the

curve is increasing at that point as the independent variable

increases, and decreasing when the slope is negative. Therefore,

when the derivative is positive for any particular value of the

independent variable the function is increasing at that point or

for that value of the independent variable, and when the deriva

tive is negative for any value of the independent variable, the

function is decreasing. These relations are discussed in more
detail and utilized in solving problems, in the next two chap
ters.

We give below some examples illustrating the application to

curves of the principles developed in this chapter.
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36. Illustrative Examples.

1. The equation of any straight line may be expressed in the

form

y=mx+b. (a)

What is the significance of each of the constants m, b?

Solution. If the equation (a) is differentiated,

dy= d(mx) d(b)
=m dx,

dy
:. =m.

dx

The constant m is, therefore, the slope of the line. If m is positive,

the line is inclined toward the right; if negative, toward the left.

If in equation (a) we put x=0, the resulting value of y gives

the point where the line crosses the Y-axis, because at the Y-axis

the abscissa is zero. When #=0, we get

The constant b is, therefore, the distance from the coordinate

origin to the point where the line crosses the Y-axis. This is

called the y-intercept If b is positive, the line crosses the axis

above the origin, if negative, below.

2. What is the nature of the graph of the equation

Ax+By+C~Q, (a)

where A, J3, C are constants?

Solution. By transposing the oxberm and the constant term

and dividing by B the equation becomes

A
_

j,
sa --a?

--
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Comparing the equation in this form with (a) of example 1 we see

at once that it represents a straight line and that the slope is

and the y-intercept is

(b)

These results do not mean that the slope or the ^/-intercept are

negative, but that whether (A/B), (C/B) are positive or negative
m and 6 are the negative of these quotients and may be either

positive or negative.

To find the ^-intercept, put t/=0 in equation (a). This gives
x = (C/A). The ^-intercept is sometimes denoted by the

letter a.

a- -(CM). (c)

By transposing the term C and dividing by C the equation (a)

x y
can be written in the form

1

=
1, and on comparing

-(!) -(D
this with (b) and (c) it is seen at once that

is another form of the equation of the straight line. This form is

called the intercept form. The form (a) of example 1 is called the

slope-intercept form and equation (a) above is called the general
form of the equation of a straight line.

3. If the equation of a straight line is in the intercept form

x y

find the relation between the differentials of the coordinates at

any point (x, y) and also the slope of the line.
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Solution. From the equation (a) we get by clearing fractions

bx+ay=ab,
and by differentiating this,

d(bx)+d(ay')=d(ab).

Therefore, since a, b are constants, b dx+a dy=Q. Hence,

ady*=bdx (b)

is the relation between the differentials.

Now divide equation (b) by the product a dx. This gives

dy b
=

(c)
dx a

as the slope of the graph of (a).

4. A straight line graph is such that twice the differential of

the ordinate equals three times that of the abscissa. Find an

equation of the graph, the points where it crosses each axis, and

the angle it makes with the X-axis.

Solution. Formulating the given conditions,

Comparing this with equation (b) of example 3 we see at once that

we can have

a=2, 6= -3

as the x
9 ^/-intercepts. That is, the graph can cut the X-axis at a

point two units to the right of the origin and the Y-axis at a point

three units below the origin.

Using these values of a, 6 in equation (a) of example 3, the

equation of the graph is

2-3
or, 3z-22/=6.

Another equation may also be found to meet the given con

ditions, but the graph would be parallel to the one represented
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by this one and the slope would be the same. By transposing
this equation it may be put into the general form or by solving

it for y it may be put in the slope-intercept form, and in either

of these forms the slope is easily determined as shown in the pre

ceding examples. By equation (c) in example 3, however, we
find at once dy/dx^. That is,

m=1.5

is the slope. Since m is positive the line is, therefore, inclined to the

right, and the angle of inclination to the X-axis is the angle <j> such

that tan <
= m. Hence tan $= 1.5 and by the tables <=56 20'.

5. Find the slope of the graph of the equation

at the point where the abscissa is x= J.

Solution. Solving for y,

Differentiating,
dn

dx

is the slope at the point whose abscissa is x. When x= it is

m=2(|+l) = 3.

6. What is the value of m at the point (3, 4) on the graph of

the equation x2+y2= 25?

Solution. Differentiating the equation, d(x
2
)+d(y

2
)=d(2S) t

or,

2xdx+

dy x

dx y
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and therefore, at the point where 2= 3, 2/=4, the slope is

m= f.

7. The equation of a curve is 23 3#2 3^+6=0,
(i) Find the inclination to the X-axis at the points where

2=0, and 2= 1.

(ii) Find the points at which the tangent to the curve is parallel
to the X-axis.

(iii) Find the point or points where the inclination of the

tangent to the X-axis is 45.

(iv) At what other point is the inclination the same as at

2= 3?

Solution. Solving the equation for y,

rr
3

*_*+!
3

Differentiating,

dy 3 n./y* _//* (Q Ior ^2. (&)
dx

(i) Since the slope is m=22
22, then at 2=0, m=0 or tan<

=0, hence <=0. At 2=1, m=l2 2= 1, or tan<= 1, hence

(ii) For the tangent line to be parallel to the X-axis the angle
<
= and m= tan <

= tan = 0. Hence, by equation (a),

z2 -2z=0.

Factoring this,

x(x-2)=Q.

Hence,

2=0, or x2=0,
and

=0, 2=2

are the abscissas of the required points.
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(iii) For the inclination <=45, m=tan <= L Hence, by (a),

or,

is the condition which x must satisfy to make the tangent inclina

tion 45. To find the value or values of x satisfying this condition

this quadratic equation is to be solved for x. Using the quadratic

formula, we get

-4(~l) 2dbV8 22V/
222

= 2.414

= 1-^/2= -.414

are the abscissas at the required points.

(iv) At the point where 2=3 equation (a) gives as the slope

m=32-2X3 = 3.

To find the value of x at another point, where m=3, put the slope

x2 -2x=3.
Hence,

2
-2z-3=0, or (x-3)(x+l)=0.

Therefore,

#-3=0, or x+l=Q,
and

x=3, z=-l

are the abscissas at the points where the slope equals 3. The
value #=3 is the value first given. Therefore, the other required
abscissa is#= 1.

This completes the solution. This example serves as a partial
illustration of the manner in which the properties of a graph may
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be determined by means of the slope formula when its equation is

known. In the case of curves plotted from geometrical data,

this equation can always be obtained. In the case of a curve

plotted from experimental or observed data, the equation can

frequently be obtained exactly, and always approximately, and,

therefore, its properties determined. From these properties,

those of the quantities expressed by the equation can then be

obtained. The equation derived from an experimentally plotted

graph is called an empirical equation and in the sciences of physics,

chemistry and engineering empirical equations are of the greatest

importance.
8. For what values of is the tangent to the cosine curve

horizontal?

Solution. The equation of the cosine curve is

2/=cos0.

Differentiating,

dy . .= sintf
dd

is the slope of the tangent line to the curve at any point given by
the value of the angle 6, For the tangent to be horizontal the

slope is zero. Therefore

sin 0=0, or sin 0=0

and when the sine is zero we find from the tables that

(9=0 or = 180.

9. In passing along the graph of the equation

both the ordinate y and the slope m change, but generally at differ

ent rates. Find the point or points, if any, where the ordinate

and slope momentarily change at the same rate.

Solution. The rate of change of the ordinate is dy/dt and of

the slope, dm/dt. When these are the same, dy/dt=dm/dL
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Differentiating equation (a),

and from this,

(b)
dt at

is the rate of change of the ordinate. Also from the same equation

dv
=m=3x2

dx

Differentiating this with respect to t to find the rate of m,

dm dx
=(6z-12)- (c)

dt dt

is the rate of change of the slope. Placing dy/dt=dm/dt, we get

from equations (b) and (c),

dx dx
(3z

2
-12z+3) = (te-12) >

dt dt

or, cancelling the dx/dt on both sides of the equation,

This is the condition which must be fulfilled for the two rates to

be equal. To determine the abscissa at the point or points where

this condition holds, this equation must be solved for x. Trans

posing,

Factoring,

(z

Hence,
x 5= 0, or 1= 0,

and

x=5j #=1

are the abscissas of the points at which the rates of change of the

ordinate and the slope are equal.
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EXERCISES

Find the slope of the graph of each of the following equations at the

point with the given abscissa or coordinates; also the angle the tangent
makes with OX.

2. 3x+4y 6= 0; any point.
3. y=3#+3 since; x=ir.

4. z2
-t/

2= 16;z=5, y=3.
5. xy=I;x=%.
6. What is the value of a; when the fraction x*/(x

2
+a?) is changing at

the same rate as xf

(Hint: Let 7/=the fraction; put dy/dtdx/dt and find x.)

7. Find the slope of the secant curve and the tangent curve at the

point where each cuts the vertical axis.

(Suggestion: Let 2/=sec x
} y=t&n x. Curves cut y axis when z=0.)

8. A point moves in a circle whose equation is x2-\-y
2=25. At what

two points on the circle is it moving momentarily parallel to the straight

9. At what points on the curve v=x*12x~~-4 does the slope equal 15?

10. Two particles remaining always in the same vertical line follow

the graphs of the equations y=2x*8x+l and 2y=x2+8x 5. How far

from the Y axis will they be when moving momentarily parallel?

(Hint: The statement that they are in the same vertical line, ordinate

line, means that x is the same for both.)



Chapter VIII

MAXIMUM AND MINIMUM VALUES

37. Maximum and Minimum Points on a Curve. In article 33

we have seen that corresponding to certain values of the inde

pendent variable a function may have values greater or less than

those corresponding to other nearly equal values of the independent

variable and that on the graph of the function these particular

values are indicated by points which are higher or lower than

neighboring points on either side. These points were there called

maximum and minimum points respectively. Such points are

shown at P and Q in Fig. 18. In this figure the irregular curve

is taken as the graph of the equation.

and f(x) may represent any function whatever of the independent
variable x

}
that is, any form of expression involving x and con

stants only. Then corresponding to the abscissa OA=#i the

value of the function is AP=^i==/(^i), this form of expression

meaning that in the expression containing x, f(x), the particular

value xi is substituted. Similarly, corresponding to the abscissa

OB=x2 the value of the function is the ordinate BQ=^2 =/(^2)-

We can express all this by saying that corresponding to the maxi

mum point P, the maximum value of the function is y\ and cor

responding to the TYiTnrnrvnm point Q the minimum value of the

function is y%.

As seen in article 33, the tangent to the curve at a maximum
or minimum point is parallel to the axis of abscissas and the slope

of the curve is zero at those points. In Fig. 18 the tangent at

96
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P is PT and the tangent at Q is QTf
. Now the slope of the graph

of a function has been found to be the derivative of the function

with respect to the independent variable. We have, therefore,
the extremely important result: When the value of a function is a

Y

maximum or a minimum value the derivative of the function is equal
to zero.

38. Maximum and Minimum Values of Functions. The result

just obtained is expressed in symbols by saying that when y=f(x)
is a maximum or a minimum, then /'(#) =0. In order to specify

the point on the graph by giving the value of the abscissa of the

point, or to name the value of the independent variable correspond

ing to the maximum or minimum value of the function we write

that when (as in Fig. 18)

or

/'fe)=oj

(48)
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where the expressions /(si), /'(ofe), etc., mean that in the formulas

or equations giving y=f(x), dy/dx=f'(x), etc., the particular

value of x such as x1} x2 , etc., is to be substituted.

Of course, when the graph of an equation is plotted, the maxi

mum or minimum points can be seen at a glance and the maximum

or minimum value of the function and the corresponding values of

the independent variable are then easily read off, regardless of

whether there is an equation for the curve or not. Thus, in Fig. 13

there is a maximum value of the average monthly temperature of

85 degrees corresponding to the month 8 (August) and a minimum

value of 20 corresponding to month 1 (Jan.). If T represents the

degrees of average temperature, andM the number of the month,

then, although we do not know the form of the function, we know

that T is a function of M and can write

Then,
85=/(8)=max.

and

20-/(l)=min.

To state that at these points the derived function (derivative) is

zero we can write

When the function is given, however, that is, the equation of

the curve is known, it is not necessary to plot the curve for exami

nation in order to locate the maximum or minimum values. It

is only necessary to find the derivative /'(&) of the equation y=f(x)

and put the derivative equal to zero. This gives a new equation

f(x) = and the value of x to which the maximum or minimum

value of y corresponds is found by solving this last equation for x.

In order then to find the maximum or minimum value of y it is

only necessary to substitute the value of x so found in the original

equation and calculate y.
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As an example consider the case of the function given by
equation (43), y=*f(x)=x

2
. As in equation (43a) the derivative

is dy/dx=f'(x)=2x. The equation f'(x)=Q then gives 2#=0
and hence #=0 as the abscissa of the point at which the value of

y is a miniinuni. This is verified by a glance at the curve Fig. 15.

As an example in which the curve is not plotted let us locate

the maximum or rmnimiiTri values of the function

(49)

In this case

dy
=2z-4.

dx
Hence for max. or min.,

2s-4=0

In this case the value x=2 gives a minimum value of y. To

verify this, any values of x, positive or negative, may be substi

tuted in the original equation (49) and y calculated for each. It

will be found that for #=2, y is less than for any other value of x.

This minimum value of y is 1.

This example shows how we may not only find the value of x

to which a maximum or minimum of y corresponds but also find

that maximum or minimum value of y. Thus after finding that

the minimum value of y corresponds to x=2 we substitute this

value of x in the original equation for y and calculate the cor

responding value of y.

In general, therefore, in order to find the maximum or mini

mum value of a function substitute in it the value of the inde

pendent variable to which the maximum or minimum value cor

responds, as found by placing the derived function (derivative)

equal to zero.

39. Determining and Distinguishing Maxima and Minima.

In the last article we saw how maximum or minimum values of a
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function may be located and determined either from the curve or

the equation of the function. In discussing the examples given

the question must have arisen in the mind of the reader as to how
a maximum, is to be distinguished from a minimum, or vice versa,

without plotting the graph of the function. This question is

easily answered with the means already at our disposal.

Y

FIG. 19.

In article 33 we saw that when a curve rises to a maximum
point as the abscissa increases and then falls off after the maxi
mum point is passed, the slope changes from positive to negative.

This is illustrated in Fig. 19. As x increases from the value x'
' at A to the value x" at the maximum point P the slope of the curve

changes from a positive value to zero. As x increases beyond xfr

the slope passes through the value zero and becomes negative.

That is, at-P the slope decreases as x increases. Similarly at B
the slope is negative, at Q it is zero and there becomes positive

as x increases, being positive again at C. That is, at Q the slope
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increases as x increases. These results may be expressed by say
ing that at maximum points the slope of a curve decreases and at

minimum points increases as the abscissa increases.

When any variable increases, its rate is positive, and when it

decreases, its rate is negative. Since the slope of a curve which
has maximum or minimum points is a variable quantity, we have,

therefore, the result that at a maximum point the rate of the slope

relative to the abscissa is negative and at a minimum point it is

positive.

The slope is dy/dx when x, y are the coordinates and the rate

d /dy\ d2y
of the slope relative to the abscissa x is { I or -. "We

dx\dx/ dx*

state finally, therefore, that when a function y=f(x) has a maxi
mum the second derivative f"(x) is negative and when it has a mini
mum the second derivative f(x) is positive.

d2y
In order to determine whether ^=f

ff

(x) is positive or nega
te

tive, the function is differentiated twice in succession, and the

value of x found by solving the equation f'(x)Q is substituted

in the expression for the second derivative f"(x). The value of

f"(x) is then calculated and will generally be either positive or

negative, though certain special cases it may be neither but zero.

Such cases will not be considered here.

As an example, let us consider the illustration used in the

last article. We found that when y=f(x)=x
2

4x+5, then

dy/dx=f'(x)=2x4: and when this is equal to zero x=2. The
second derivative is the derivative of 2x 4, that is, /"(#) = 2,

which is positive. Since f"(x) is positive then the value of y at

x=2 is a minimum, as was stated before.

Summarizing our results we can state the following rules for

locating, distinguishing, and determining maximum and minimum
values of a function:

(i) Express the function in the form y=f(x) by solving for y
if not already so expressed.
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(ii) Find the first derivative dy/dx-f
f

(x) and place this expres

sion equal to zero.

(iii) Solve the equation so obtained for x. The value of x

obtained will make y a maximum or a minimum.

(iv) Find the second derivative f"(x) and substitute in this

expression the value of x found in step (iii).

(v) Calculate the value of f"(x) for this value of x. If it is

positive y is a minimum and if it is negative y is a maximum.

(vi) To find the maximum or minimum value of y substitute

the same value of a; in the original expression and calculate y.

The application of these rules to a variety of functions is illus

trated in the next article, and in the next chapter the method is

applied to a number of interesting problems.

40. Illustrative Examples. I. When is the function y- (x a)
3

an increasing or decreasing function?

Solution. In order to answer this question we must find the

conditions under which dy/dx is positive or negative. Differ

entiating (# a)
3 as a power and dividing by dx we find

.

dx

If in this expression x is greater than a, x a is positive and so

(x a)
2

is positive. If a; is less than a, a is negative but the

square is positive so that dy/dx is always positive and therefore

the function y is always an increasing function.

2. Is y=l/x* an increasing or decreasing function?

Solution. Differentiating, dy/dx=3/x
4

,
and for any value

of Xj positive or negative, #4 and therefore 1/x
4

is positive, so that

3(l/#
4
) is negative. Since dy/dx is always negative the func

tion y is a decreasing function.

3. Is (3x+5)/(x+l) an increasing or decreasing function of

the variable x?
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Solution. Let y=-. Differentiating the fraction, simpli-
x+1

fying the result and dividing by dx, the derivative is

dy 2

This expression analyzed as above shows that for any value of x

dy/dx is negative and therefore y is a decreasing function of x.

4. In example 7, article 36, for what values of x is y an increas

ing or decreasing function?

Solution. As given by equation (a) in that example

dy/dx= x(x 2).

Any negative value of x makes each factor in this expression

negative and therefore the product positive. Hence for any nega

tive value of x, dy/dx is positive and y is an increasing function.

For any positive value of x less than 2, x is positive and z 2

negative and therefore x(x 2) is negative and y a decreasing

function; for any positive x greater than 2, x is positive and x 2

also positive so that x(x 2) is positive and hence y increases.

Summarizing therefore, y is an increasing function for all

values of x except zero to 2.

5. What value of x will give the expression |x
2 3x its great

est or least value?

Solution. Let y= |x
2

3x; then the derivative is

"

*L*-3
dx

and for a maximum or minimum dy/dx must be zero. Hence

x 3=0 and x=3

gives y its greatest or least value.
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6. Find the maximum value of the expression 32# x4 .

Solution. Let y=32x #4 . Then the derivative is

^=32-4*3.
dx

Hence for maximum,

32-4s3=
0, or z3 =8.

is the value of x which makes y a maximum. Substituting this

value of a; in the original expression for y, we get

7. Show that the greatest value of the expression sin 0+cos 26

is.
Solution. Let 2/=sin 0+cos 20. The derivative is then

dy
== cos 0-2 sin 20.

dB

Hence for maximum,
cos 02 sin 20=0.

Now by trigonometry sin 20= 2 sin 0* cos 0. Using this in the

last equation,

cos 04 sin 0-cos 0=0.

Factoring, cos (14 sin 0)
=

0, and hence cos 0=0 or

14 sin 0=0, and

are the values of cos and sin which makes y a maximum. From
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this we must next find the value of cos 26 and then substitute in

the expression for y to find its maximum value.

From trigonometry, cos 26=12 sin
2

6. Therefore

2/=sin0+l 2sin2

and using the maximizing value of sin 0,

8. Find the maximum value of a sin x+b cos x.

Solution. Let y=asm.x+b cosx. Then, since a and b are

constants, the derivative is

dy
=a cosxb sin x.

dx

Hence for maximum, a cos a; &sin#=0, or bsina;=acosx.

Dividing both sides of this equation by b cos x we get

But
sin x/cos x tan x.

Therefore the condition for y maximum is

a

This is the right triangle relation when a is the altitude and b the

base. Hence the hypotenuse is c=Va2+62
. From this we get,

since sin x= a/e and cos x= b/c,

cosrc=-
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as the final conditions for y to be a maximum. Substituting these

values in the original expression for y, we find

9. Find the value of x which makes the expression

a maximum or a minimum.
Solution. Put the given expression equal to y and differentiate.

The derivative is then

dx

Hence for a maximum or a minimum,

6z
2
-18o;--24=0, or z2 ~3z-4=

is the required condition. To determine the maximizing or mini

mizing value of x this quadratic is to be solved. Factoring,

Hence

-4=0 or

and

#=4, =1
are the values of x when dy/dx=0. To see whether these values

give a maximum or minimum value of y we must find the second

derivative. Differentiating again the above expression for dy/dx,

dx2
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Using in. this the critical value x=4 we find

d2v
-4=12-4-18=48-18
dx2

and since the second derivative is positive y is a minimum for

x= 4. Using the critical value x= 1 we find

^=12(-1)-18=-12-18=-30
dx2

and since the second derivative is negative y is a maximum for

a?=-l.

10. Find the position and length of the greatest and of the

least ordinate of the graph of the equation

(a)

Solution. Differentiating,

27. (b)
dx

Hence for maximum or minimum,

9z
2 -18o;-27=0.

Dividing by 9 and factoring, z2 -2o;-3= (s-3)(x+l) = 0.

/. s= 3, z=-l (c)

are the abscissas at which are located the maximum and minimum

ordinates. In order to distinguish between them we must find

the second derivative /"(#). Differentiating equation (b),

/"(z) = 18z-18. (d)

Using in this the first value of x from (c) we find

/" (3)
= 18-3-18 = +36
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and since this is positive the least (minimum) ordinate occurs at

the point where x= 3. Using the second value of x from (c) in (d)

we get

and this being negative the greatest (maximum) ordinate occurs

at the point where #= 1.

In order to find the length of the greatest and least ordinates

we substitute the values of the corresponding abscissas from (c) in

the equation (a) giving y. Thus we find at x= 1,

and at the point where x=3,

2/min.=3(3)
3
-9(3)

2
-27(3)+30= -51.

It is to be noted that in these results the word greatest does not

necessarily mean actually longest, nor does least mean actually

shortest. But mathematically all negative numbers are "less"

than positive numbers, or graphically, the end of the ordinate

y= 51 is below the end of the ordinate y= +45.

EXERCISES

Find the values of x which make y a maximum or a minimum in each

of the following and find the corresponding maximum and
values of y:

1. y=2a!^-8a?-3fe+25. 6. xy-
2. 3y=a?-&?-
3. y=^-8aH-22a?-2te+12.

7- ^=sm *~2 cos *

8. 2/=sia2# coscc.

9. y=2sinx sin2x.

10. y= J cos
2

a: sin 2x.



Chapter IX

PROBLEMS IN MAXIMA AND MINIMA

41. Introductory Remarks. In this chapter we take up the

extremely important matter of the application of the maximum
and minimum method of the calculus to actual problems of ordi

nary observation, technical problems, etc.

Before the calculus method can be used, the relation between
the known variables and the quantity whose variation is to be
examined must be known, that is, the quantity whose maximum
or minimum is sought must be expressed as a function of the con

trolling variable. The derivative of the dependent variable with

respect to the independent variable is then found and placed equal
to zero, and the resulting equation solved by the ordinary methods
of algebra. In other words, after the functional relation is once

expressed the procedure given in article 39 is to be followed exactly
in cases where a complete investigation of the relation, is to be
made.

In many cases the function can have only a maximum or only
a minimum value and not both; in other cases, even when both

may exist, the nature of the problem, or the form of the equation
obtained when the first derivative is placed equal to zero, will

determine whether the result is a maximum or a minimum. In
such cases it is not necessary to find the second derivative. The
different cases are illustrated and discussed in the following
article.

42. Illustrative Problem Solutions. 1. Divide the number 10

into two parts such that the product of the square of one part
and the cube of the other shall be the greatest possible.

109
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Solution. First of all the product must be expressed in terms

of the parts, and in expressing the product only one independent
variable is to be used. So let x be one of the parts, then 10 x

will be the other. Then the product of the square of one part by
the cube of the other may be written with either part squared and

the other cubed. It is simpler to cube the x, however, and square
the 10 x. If then we let y represent the product we have

y=(W-x)
2
.x

s
, (a)

and we are to find the value of x which makes y a maximum.

Differentiating (a) as a product, in which each factor is a power
of a variable, we get

~aO] dx.

.-.

dx

Simplifying this by factoring, it becomes

dx

For dy/dx to be zero, the condition for maximum, we have the

equation

5s2(10 -3) (6 -a;) = 0. (b)

Now for this product to be zero either factor may be zero,

that is,

5z2 =0, 10-3= 0, 6-3=0.

From the first of these equations x=0 for one part and therefore
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the other part is 10; from the second equation z= 10 for one part

and therefore the other is zero. These two solutions are equiva

lent and in either case the product is zero, which is a minimum.

The third solution gives #= 6 for one part and the other is 4.

Therefore, the parts which give the maximum product y are 6

and 4. It is not necessary in this case to find the second deriva

tive.

In the present problem the solution can of course be found by

taking all possible parts and 10, 1 and 9, 2 and 8, 3 and 7, 4 and

6, 5 and 5, and forming the product of the square of one by the

cube of the other for each pair, and then interchanging the two

and repeating the process, and so on until the greatest product is

found. This may actually be done as a check on the calculus

solution if desired, but the process requires a considerable amount

of time and labor and in many cases this would be prohibitive.

After the function is formulated, as in equation (a), we may
also plot the curve and examine it for maximum and minimum

values without deriving equation (b), but this amounts to the

same as the above described tedious process and is no saving,

and even when the curve is plotted the result cannot be obtained

from it as accurately as by the calculus method.

We have discussed this first problem rather fully; hereafter

this will not be necessary in each case.

2. A piece of cardboard one foot square has a small square

cut out at each corner in order to turn up the edges of the remainder

to form a box with a square base. Find the side of the small

square cut out in order that the box may have the greatest possible

capacity.

SolutionLet x represent the side of the small square. The

form and dimensions of the cut piece are then shown in Fig. 20,

the cardboard being cut along the solid lines and folded along the

dotted lines, and the dimensions being in inches. From this figure

we are to formulate the volume V in terms of x and the known,

dimensions and find the value of x which makes V a maximum.
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From the figure the side of the square base of the box is 12 2x

or, factoring, 2(6-2) and the depth of the box is x. The volume is

12

the product of the base area by the depth, that is [2(6 x)f-x.

Hence

z)
2

. (a)

This expresses V as a function of x and we are to find x for

Differentiating, and noting that the 4 is a constant coefficient;

-x)
2

dx.

dV

Simplifying this by factoring it becomes

dV
12(6-&)(2-aO.

dx
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For V to be a maximum dV/dx must be zero; hence

12(6 -x) (2 -3) =0.

.-. 6^=0, or 2 z=0,
and

2= 6, or #= 2

are the values of x which make V a maximum or a minimum.
If #=6 the square is simply cut twice across the center into

four 6-inch squares and no box is made. Hence it must be that

x= 2 and the box of maximum content to be made from the foot-

square cardboard has a base of 8 inches, a depth of 2 inches, and

by putting this value of x in equation (a), a maximum volume of

128 cubic inches.

3. A funnel of which the flared conical part is 9 inches deep
and 12 inches across is placed upside down on a table. What
are the dimensions of the largest cylindrical can which can just
be placed upright underneath the funnel to touch all round but
not hold the funnel off the table?

Solution. The arrangement is shown in Fig. 21. BC= 12

inches is the diameter of the funnel flare and AD =9 inches is its

depth; the radius is DC= 6 inches. Then PQ is the depth of the

can and DQ the radius of its base. The values of these two dimen
sions are to be found which make the volume of the can the greatest

possible consistent with the requirement that it must just fit

under the funnel cone.

Let DQ=# and PQ=y; the volume of the can is then

(a)

and the values of x and y are to be found which make V a maxi
mum. There are two unknowns, however, x and y}

so one of these

must be expressed in terms of the other so that there will be only
one independent variable in terms of which the dependent variable

V is expressed.
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Since the entire figure is symmetrical the triangles ADC, PQC
are similar.

Therefore^ PQ : QC::AD : DC, or, since PQ=y
and QC=DC~DQ=DC x, the proportion becomes

AD

FIG. 21.

11 9)

Putting in the values of AD and DC, we get =-, and6x 6
hence,

y*f(6-a:). (b)

Substituting this value of y in equation (a), we have for the volume,

(c)

fend the value of a; is to be determined which makes V a maximum.
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Differentiating,

dV~ .4*
2
'(6-*)]= [x

2
-d(Q~

2 2

=[x2
-(-dx)+(Q-x) -2x dx]

2

=[
2

dx 2

Simplifying this, it becomes

-
ds

""

2

Hence for V maximum,

and
z=0, or z-4=0

are the solutions which make 7 either a maximum or a minimum.

If z=0 there is no cylinder, or rather the cylinder has zero volume,

which is the minimum. Therefore we must use x 4=0.

/. x =4 (d)

is the radius of the can of maximum volume.

Putting this value of re in formula (b) we find that the depth is

y-3.

From (d) the diameter of the can is 8. The largest can which will

just go under the inverted funnel is therefore a flat can 3 inches

deep and 8 inches across. The volume of this can is given by using
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x=4: in equation or formula (c) or #=4, y=3 in (a) and is found
to be

7=150.8 cu. in.

Incidentally, from the dimensions given for the conical funnel

and the cylindrical can (counting the entire volume of the funnel

cone, to the point A in Fig. 21), the volume of the funnel cone is

1357.2 cu. in. and therefore the volume of the can is - that of the
funnel top.

4. A wall 27 feet high stands 8 feet from the higher wall of a
house. What is the length of the shortest ladder which will just
reach from the ground over the wall to the wall of the house?

Solution 1. In Fig. 22 let OA be the level ground, OB the
side of the house, CD the waU and AB the ladder. The ladder

may be placed in any position as shown by the dotted lines and
each will require a particular length. The shortest of these is to

be found.

With the ladder in any position AB, let the distance OA=#,
OB=y and the length of the ladder AB=L. Then, in the right

triangle AOB, the hypotenuse is

L=Vx2
+y2

(a)

and the minimum value of L is to be determined. But there are
two independent variables in this functional expression. Let us,

therefore, express one of them, say y, in terms of the other, x. In
order to do this, we notice that the triangles AOB, ACD are similar
and CD=27, 00= 8, AC=z~8. Hence OB : OA::CD : AC,

V 27
or-= :

x x 8

"-

and
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Substituting this value of y
2
in equation (a) the length, becomes

L=
?29*

Eeducing and simplifying this expression, we get

L=
(x-8? x-8

(c)

and the value of x which makes L a Tnim'rmiTn is to be determined.

Differentiating by the product formula,

. (d)
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Carrying out the first differentiation in this expression by tiie

square root formula and the second by the fraction formula gives

,__ d[(z-8)
2
+729]

d(V(o;-8)
2
+729):

(z-8)
2+729 2V(*-8)

2+729

/(z-8)
a+729

(x-8)

(z-8)
2

(xS)dxxdx

Substituting these two values in (d) we get

/ X \ (X-
1

.

dL=( -) n\x-8/ V(x-
+V(g_ 8)

.+729 .r
s

L (x-

-t

dL

~dx

x 8V(s-8) 3+729
/
(a;-8)

2+729 (x-8)
2

x 8V(x-8)
2+729

/(x-8)
2+729 (1-8)-

Combining the two terms on the right with a common denominator

we get finally for the derivative

dL x(x-B)
2
-8(x-$)

2 -$832

&T (z-8)
2
V(z-8)

2
-f729

'

For L to be a minimum we must have dL/dx=Q which means

that the expression on the right hand side is equal to zero, and

for a fraction to equal zero its numerator must be zero. Hence

z(a;-8)
2
-8(a;-8)

2 -5832=0
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is the final condition for minimum L, and from this we are to find

x. Factoring this expression gives

(z-8)
3 -5832= 0, or (z-8)

3 = 5832,

and

s-8= V/
5832= 18.

/. 2= 26 (e)

is the distance OA in Fig. 22 at which the foot of the ladder is

placed for the length to be a minimum. Using this distance in

(c) we find as the length of the shortest ladder which will reach,

/. L= 13VlS =46.9 feet.

dL dL
If the denominator of the expression for is infinite will

dx dx

again be zero. For this to be true x= <*> (infinity), which shows

that there is no definite maximum. This also appears from Fig. 22,

for there x=OA may be indefinitely great.

5. A man in a boat .five miles from the nearest point on a

straight beach wishes to reach in the shortest possible time a place

five miles along the shore from that point. If he can row four

miles an hour and run six miles an hour where should he land?

Solution. If the landing place is specified by stating its dis

tance from the nearest point on the beach to the boat, then the

total time required to reach the final destination is to be formu

lated in terms of this distance, and this distance determined such

that the time is a minimum.

In Fig. 23 let OP be the beach line and B the position of the

boat at a distance OB= 5 miles from the nearest point O on the

beach; and let P be the place which the man wishes to reach, at a

distance OP=5 miles from 0. He must then row straight to
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some point A on the beach at the distance OA=rc from O and run

the remaining distance AP=5 x. We are to formulate the time

taken to row the distance BA and run the distance AP and find

the value of x which makes this time a minimum.

5 P
FIG. 23.

In the right triangle AOB the distance he must row is

=VB02+OA2=

and at 4 miles an hour the time it will take Mm is i=
Therefore

(a)

After landing he must run the distance AP= 5 x and at 6 miles

an hour it will require a time t%
= AP/6. Therefore

aO. (b)

The total time required will be 1=^+1%. Hence, adding (a), (t>),

i=5 lVx2
+25+i(5-x). (c)

This is the required formulation of the time as a function of the
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distance x and the value of x is to be determined which makes t

a iQininmm.

Differentiating equation (c)>

For to be a minimum, dt/dxQ, which means that the product

on the right of the last formula is zero, and for this to be zero,

since the factor \ is not zero, then must

Transposing,

Squaring,

Clearing fractions,

Therefore

and

4
=

9"

5z2 =100.
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If we use the negative value the landing place must be 4.47

miles to the left of in Fig. 23 which obviously will not allow the

time to be a minimum. He must therefore land 4.47 miles from

in the direction of P, or a little more than half a mile from his

destination.

6. What is the cheapest form of cylindrical tin can of given

volume?

Solution. Let the diameter beD
}
the heightH and the specified

(constant) volume V. Then

V=%TD2H. (a)

The amount of sheet tin required to make the can is equal to the

sum of the areas of the circular ends and the curved cylindrical

surface. The end area is J?rD
2 and for the two, |xD

2
. The

curved surface is the product of the circumference and height,

that is, xD-H". The total surface area is therefore ^irD
2
+irDHj

or if we let 8 represent the total surface,

=7r(|D
2
+Dff). (b)

The relation between D and H is to be determined so that with V
constant as given in (a), $ shall be a minimum.

In order to have only one independent variable in the surface

formula (b) let us express H in terms of D by means of equation
4F 1

(a). Solving (a) for H we get H=--~, and substituting this
7T JLf

value of H in (b) gives, when simplified,

-,

which gives S as a function of D.
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Differentiating this, TT and V being constant,

IT ( dD\ I 47\
=-2D<ZD+47- --;)=(* --;F#-
2 V D2J \ D2J

dS 47-= irl>---.

dD D2

For S to be a minimum, dS/dD = 0. Therefore

47
.

-a

47
(c)

Now by equation (a), 4V=irD
2H. Substituting this in equation

(c) to eliminate V we get as the condition for minimimn surface,

is the relation between D and H for the minimum amount of tin

plate. That is, for the cheapest can the height and diameter are

the same.

7. An electric dry cell of electromotive force E volts and

internal resistance r ohms is connected in series with an external

resistance R ohms. What value should R have in order that the

greatest power be supplied to the circuit?

Solution. The total resistance of the circuit consisting of R
and r ohms in series is R+r ohms and therefore by Ohm's Law
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the current flowing is E/(R+r). The power P in watts supplied
to the external circuit of resistance R is the product of the current

/ E \
2

squared by the resistance R, or
(

I #. Hence
\R+T/

(R+r)
2

'

In this expression E and r are constants and the value of R is to be
determined which makes P a maximum.

Differentiating,

--.
(JB+r)

2

f (R+r)
2
dR-R-[2(R+r)-d(R+r)]

J 1.

1" (S+r)
4

f

i

For P to be a maximum, the product on the right must be equal
to zero and since E2

is not zero, then,

,3=0'

r-fi

(r+R)
3

and for the fraction to be zero, its numerator must be zero.

/. r-jfj=0 and R=r

is the condition for maximum power in the external circuit. That
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is, the greatest power is supplied to the circuit when the external

resistance of the circuit equals the internal resistance of the bat

tery.

8. A statue of height a stands on a pedestal the top of which

is & feet above the level of the eye of an observer. How far away
should the observer stand in order to get the best view of the

statue?

Solution. In Fig. 24 let A be the position of the observer's eye
and OA the level of the eye. Then B will represent the top of the

pedestal at a distance OB = 6 above OA, BC= a will represent the

O x A
FIG. 24.

height of the statue, and OA==x the distance of the observer from

the pedestal and statue. The fullest and best view of the statue

BC is obtained when the angle 6 formed by the lines of sight AB
and AC is greatest. The distance x must therefore be such that

the angle 6 is a maximum. The first problem is, therefore, to

formulate the relation between x and 6 when a and b are known

constants.

Let OC=a+&=c, angle OAB= a, angle OAC=0. Then in

the right triangles OAB, OAC, respectively, cot =/&, cot =z/c;
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and angle 0= a. Therefore, cot 0=cot ( a) and hence, from

trigonometry,

cot/Scot a+1
cot 6=-.

cot a cot/3

Substituting in this expression the values just found for cot a

and cot fi} we have
x x

c b x2+bc
t

x x (cb)x

Since a+b=c, then c 6= a, therefore, the last equation is

cot Q~(x
2
+bc)/ax. Carrying out the division by ax, we get

If bc\

=-(*+-.a\ x /
cot

This is the desired relation between the angle 6 and the distance x.

From it we must find dO/dx. Differentiating,

-esc2

1 / 1\

0)=--d( B+&C'-).
a \ x/

If dx\ If bc\

=-( dx~6c-r
)
=- 1 -

)dx.
a\ x2

/ a\ x2/

Dividing the first and last members of this equation by dx and by
esc

2
0, it becomes

d_ 1 1 / 6c\

dx a esc
2
0\ x2/

or, since r-=sin2
0,

d9 sin
2 0/ bc\

dx a \ x2/
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For to be a maximum dQ/dx 0, therefore,

&c\

-p)-a1-

Now, for this product to be zero, one of the factors must be zero,

but if sin
2
6 is zero, then the angle is zero and, in Fig. 24, the

point A would be at O and the statue could not be seen. This is

the condition for minimum. Therefore, we must have the other

factor

be
1---0.

x2

and

is the best distance to stand.

It is not necessary to use the minus sign before the square
root in this case. The minus sign would only mean that the

observer stands on the other side of the statue, to the left in

Fig. 24, at the same distance, and this does not affect the result.

As an example illustrating the above situation, suppose a

statue is fifteen feet high and its foot is five feet above the level

of the observer's eye. Then q=15, &= 5 and the best distance

from which to view it is x=V 5(15+5) 10 feet.

9. A produce house has in cold storage ten thousand pounds
of beef worth at present sixteen cents a pound wholesale. If the

price increases steadily one cent per week while the beef loses a

hundred pounds a week in weight and the fixed overhead storage

charges are sixty dollars a week, how long should the beef be held

before selling for the greatest net value?

Solution. Here we must formulate the net value at any num
ber of weeks n from the present time and find n such that the total

net value at that time shall be a maximum.
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With 100 Ib. a week shrinkage the total weight in n weeks will

be 10,000-100^ or 100(100-^). The present price is 16^=^-
dollars and with a I^=Y^Q- dollar advance per week the price per

pound in n weeks will be
(4/25)+(l/100)^=f4+-J/25.

The

gross value will then be the weight times the price per pound, or

/ n\
lOO(lOO-n) ( 4+- 1/25. The gross value at the end of n weeks

is, therefore, multiplying this out and simplifying,

tt
2

. (a)

In the meantime, however, there is a steady charge of 60 dollars

a week which in n weeks amounts to QQn dollars. Subtracting
this from the gross value given by equation (a) the net value at

the end of n weeks is Vg
~60n=F. The net value is therefore

F=1600+24n-tt
2

,

and the value of n is to be found which makes V a maximum.

Differentiating,

cTF=24 dn-Zn <fo=2(12-n) dn.

dV

dn

and for V to be a maximum dV/dn=-Q. Hence 2(12 n) =0 and

is the condition for a maximum value F. That is, the meat should

be held twelve weeks in order that the net value shall be the

greatest.

43. Problems for Solution.

1. Divide the number 48 into two parts such that the sum of the

square of one and the cube of the other shall be the least possible.
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2. Divide the number 20 into two parts such that the sum of four

times the reciprocal of one and nine times the reciprocal of the other

shall be the least possible.

3. A rectangular box with a square base and open at the top is to be
constructed with a capacity of 500 cubic inches. What must be its

dimensions to require the least material?

4. What are the most economical dimensions of an open cylindrical

water tank if the cost of the curved side per square foot is two-thirds the

cost of the bottom per square foot?

5. Find the altitude of the rectangle of greatest area that can be
inscribed in a circle of radius R.

6. A vessel is anchored three miles off shore. Opposite a point five

miles farther along the straight shore another vessel is anchored nine

miles off. A boat from the first vessel is to land a passenger on the shore

and then proceed to the second. What is the shortest total distance

the boat can travel?

7. The speed of waves of length L in deep water is proportional to

/

[. where a is a certain constant. Show that the speed is the lowest
\ CL Ju

when I/=a.

8. From a certain circular sheet of metal a central sector is to be cut

out so that the remainder, when the cut edges are drawn together, shall

form a conical funnel top of the maximum capacity. Find the angle of

the sector.

9. Find the height from the floor of a light on a wall so as to best

illuminate a point on the floor 6 feet from the wall, assuming that the

illumination varies directly as the sine of the angle of inclination of the

rays to the floor and inversely as square of the distance from the light.

10. The strength of a beam of rectangular cross section varies directly

as the breadth and the square of the depth. Find the shape of such a

beam of the greatest strength which can "be cut from a round log two feet

in diameter.

11. The cost of fuel consumed in driving a certain ship through the

water varies as the cube of the speed and is 25 dollars per hour when

the speed is ten miles per hour. The other expenses are 100 dollars per

hour, a fixed sum. What is the most economical speed?

12. A telephone company agrees to put in a new exchange for one hun

dred subscribers or less at a uniform charge of twenty dollars each. To

encourage a large list of subscribers they agree to deduct ten cents from

fchis uniform charge for each subscriber for every subscriber in excess of
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the hundred; for example, if there are 110 subscribers the deduction is

one dollar and the charge nineteen dollars. For what number of sub
scribers would the company collect the greatest amount for the new
exchange?

13. A farmer is located twelve miles from the nearest point on a straight

railway. The railroad company agrees to put in a siding at any place he

designates and haul his produce to a town eighty miles from his nearest

point on the road for five cents a ton per mile. If he can haul by wagon
to the railroad for thirteen cents a ton per mile on a straight road to the

railroad, where should he have the siding placed in order that his trans

portation costs shall be the lowest per ton to the town?
14. The lower corner of the page of a book is folded over so as to just

reach the inner edge of the page. Find the width of the part folded over,
measured along the bottom of the page, when the length of the crease is

the least possible.

15. A rectangular flower bed is to contain 432 sq. ft. It is surrounded

by a walk which is r feet wide along the sides and 3 ft. wide across the

ends. If the total area of the bed and walk together is a minimum, what
are the dimensions of the bed?

16. A rectangular field to contain 3200 sq. rods is to be fenced off along
the bank of a straight river. If no fence is needed along the river bank,
what must be the dimensions to require the least amount of fencing?

17. A trough is to be made of a long rectangular piece of tin by bending
up the two long edges so as to give a rectangular cross section. If the
width of the piece is 25 inches, how deep should the trough be made in

order that its carrying capacity may be a maximum?
18. A rectangular bin with a square base and cover is to be built to

contain 1000 cu. ft. If the cost of the material for the bottom is 25 cents

per sq. ft., for the top 40 cents, and for the sides 20 cents, what are the
dimensions for minimum cost of material?

19. A man having 120 feet of fence wire wishes to enclose a rectangular
yard and also build a fence across the yard parallel to two of the sides,

dividing it into two smaller yards. What is the maximum area he can so
fence off with the wire he has?

20. A window is in the form of a rectangle surmounted by an isosceles

triangle, the altitude of the triangle being f of its base. If the perimeter
of the window is 30 feet, find the dimensions for admitting the greatest
amount of light.

21. An electric current flows through a coil of radius r and exerts a
force on a small magnet, the axis of which is on a line drawn through the
center of the coil and perpendicular to its plane. This force is given by
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bhe formula*F=o;/(r
2
+a;

2
)^, where a; is tlie distance to the magnet from

the center of the coil. Show that the force F is maximum when x = |r.

22. The turning effect of a ship's rudder is known to be !F=fccos0-

sin
2
6, where k is a constant and 6 is the angle which the direction of the

rudder makes with the keel line. For what value of is the rudder most
effective?

23. If a projectile is fired from a point O so as to strike an inclined plane
which makes a constant angle A with the horizontal at 0, the range is

given by the formula &= 2^ cos 6- sin (dAJ/g* cos
2
A, where v and g are

constants and 6 is the angle of elevation of the gun. What value of

gives the maximum range up the plane?
24. For a square-thread screw of pitch angle 6 and friction angle <j> the

efficiency E is given by the formula jEf= tan 0/[tan(#+$)+/], where /
is a constant. Find the value of for maximum efficiency when < is a

known constant angle.

25. A body of weight W is dragged along a horizontal plane by a force

P whose line of action makes an angle 6 with the plane. The magnitude
of the force is given by the formula P=mTF/(wsin0+cos0), where m
is the coefficient of friction. Show that when the pull is least tan 0= w.



Chapter X
DIFFERENTIALS OF LOGARITHMIC AND

EXPONENTIAL FUNCTIONS

44. Logarithmic and Exponential Functions. In article 9 the

logarithmic function of a variable x is defined as log& x, where 6 is

the constant base to which the logarithms are referred. Some of

the theory of logarithms is studied in algebra, where it is found
that although any number may be used as base, only two such are

in general use. These are the so-called common or decimal loga
rithms with the base 10, which are used hi ordinary numerical

computations, and the so-called natural or hyperbolic logarithms
which are used in theoretical formulations and calculations. In
this chapter we find the differential of the logarithmic function with

any base and see why one particular system is called the natural

system.
For use in these derivations we recall from algebra three im

portant properties of logarithms. To any base whatever the

logarithm of a product of factors is the sum of the logarithms of

the separate factors to the same base. Thus if N and n are any
two numbers and 6 represents any base,

log& (Nri) = logb N+logb n. (50)

Also, the logarithm of any power of any number is equal to the

logarithm of the number multiplied by the exponent of the power:

tog*(Rr)-n(Iog6tf). (51)

Finally, if we know the logarithm of a number to a certain base
and wish to find its logarithm referred to any other base, we

132
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simply multiply the known logarithm by the logarithm of the old

base to the new base. Thus, if we know log& N and wish to find

loga A?" the conversion formula is

(52)

From the definition of a logarithm as an exponent, as given in

algebra, we know that if

x= bv . (53)

The expression by in which 6 is constant and y variable was defined

in article 9 as an exponential function of y. According to the

definition of an inverse function in article 9 we see at once that

the logarithmic and exponential functions are inverse functions

of one another. Obviously in exponential functions the base as

well as the exponent may be variable, as zy
,
in which case the

exponential is a function of two variables, y and z.

If in equations (53) the logarithm is the natural logarithm,

the base is denoted by the letter e, and ey is called the exponential

function and is sometimes written exp y. If the variable is x we

would write e*= exp x. This form of notation corresponds to

that used for the trigonometric or circular functions, thus:

sin x, cos Xj exp x.

We proceed to find the differentials of the logarithmic and

exponential functions, beginning with the logarithm,

45. Differential of the Logarithm of a Variabk.Let x repre

sent the variable and 6 the base of the logarithm. Then we have

to find d(log & x) and from this we at once get the rate and the

derivative. Let z be another variable such that

z= mx; /.

where m is a constant and the second equation is obtained by
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applying equation (50). Differentiating these two expressions

we have, since m and log& m are constants,

x).

Dividing the second of these two equations by the first,

d(logbx)

dz m dx

and if we multiply this equation by our first equation z=mx,
member by member, the m cancels and we have

d(log b z) d(logb x)
z--==#--9 (54)

dz dx

The fractions on the two sides of this equation are the deriva

tives of logb z and log& x} respectively, and since the constant m,
which originally connected z and x, has been eliminated, z and x

may be any two variables, related or unrelated. Equation (54),

therefore, states that the product of any variable by the deriva

tive of its logarithm is the same for asy two variables, and hence

the same for all variables. This product is then constant and
we can write for any variable, say x

}

d(logb x)
X '-= JL> .

dx

where B is a constant whose value is at present unknown. From
this,

dx
B (55)

and in order to finally determine d(log& x) we must find the value

of B or express it in terms of the known constant base 6.
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Obviously the value of B will depend on that of the base 6.

If we use some other base a
}
we will have

dx
d(loga x)=A (56)

X

where A is another unknown constant whose value will depend on

that of the known constant base a.

Divide equation (56) by (55) to eliminate the expression dx/x

and obtain a relation between A, B and the differentials of the

logarithms to the bases a, 6. This gives

d(loga x) ^A
d(logb x) B

Next refer back to equation (52) and differentiate it. Since loga &

is constant this gives

d(logb x)

A
Comparing this equation with (57) we see that

-^=log
a b. Hence

and comparing this equation with equation (51) we see that

From this, by equations (53), a
A
==6

B
,
and since both a and A

are constants a
A

is a constant. If we denote this constant by

the letter e then e=b
B and hence by equations (53)
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Substituting this value of B in formula (55) we have finally

dx

x
(T)

46. Natural Logarithms and Their Differentials. In formula (T)

the base b may be any number whatever. If we take 6=e then

(logb e) =loge e and from algebra we know that the logarithm of

any number referred to itself as base is 1. If therefore we use the

base e in formula (T) it becomes

dx
)= . CD)

The number e is therefore the base which gives the simplest expres

sion for the differential of the logarithm. For this reason e is called

the natural base and logarithms to base e are called natural loga

rithms. The number e is an unending decimal number and its

value is 2.71828-j---- . We shall calculate this value to ten deci

mal places in a later chapter.

To convert logarithms from any base b into natural logarithms

we use formula (52) with the base a replaced by e. This gives

logeF= (loge iEOlog&N.

If the base b is 10 the formula for conversion from common to

natural logarithms is therefore

log*N= (loge 10) Iog10 N. (58)

The conversion factor loge 10 is also an unending decimal number
and its value is 2.3026H . In a later chapter we shall also

calculate this number to ten decimal places.

47. Differential of ihe Exponential Function of a Variable.

Let x be the variable and b the base, and let y be a dependent
variable such that y =&*. Then
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and we have to find d(b
x
) from these two relations. Differentiating

the second equation by formula (T) we have

dy
(log&e) =dx.

V

I
.". dy---ydx.

log&e

But yb*, therefore this becomes

d(fc*)
=-b*dx. (W)
log&e

Formula (W) gives the differential of an exponential function

to any base. If we use the natural base e, then since (loge e)
=

1,

formula (W) becomes

(Y)

From this formula we have also, if a is any constant,

d(e
ax

)
= e

ax
*d(ax)

= e
a* - a dx,

(Z)

To find the rate of the exponential function we divide the

differential by dt. Therefore by (Y),

(59)
dt dt

The derivative is found by dividing (Y) by dx. Tnerefore

.P. (60)
dx

Thus the exponential function (natural base) has the remarkable

property that its derivative is equal to the function itself, and its

rate is equal to the function itself multiplied by the rate of the

exponent.



138 CALCULUS FOE, THE PRACTICAL MAN [ABT. 48]

Since the first derivative is equal to the function, then the

second derivative is equal to the first and therefore to the func

tion. The same is true of the third and all its other derivatives.

That is,

-^>)
= e. (61)

These and other properties of the exponential and logarithmic
functions will be investigated in a later chapter, together with

their connection with other functions and other branches of

mathematics. We shall also see that they have most important
technical applications,

48. Illustrative Examples, 1. Find the differential of

Solution, By formula (U)

But
)=6ar dx+Qxdx

Also in the denominator of (a),

r/W-'H A.*. fi^4--n
dx.

x2(2x+3)

2. Differentiate x loge x.

Solution. This is the product of x and loge x. Therefore

d(x loge X) =X d(loge x) +loge X rf(x)

drc
= hloge re - dx= dx+loge x dx
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3. Find dflogio (3s+2)].

Solution. By formula (T), with 5=10,

e)

But
%

and
logic e=logi 2.7183 = .4343.

3 dx 1.3029

/3x+l\
14. If y=logg 1 1 find %.

Solution. By formula (U) for the natural logarithm,

\x+2/ x+2 /Sx+l\-=--
1
-

)

\x+2/

But by the formula for the differential of a fraction,

3s+l\ _ (x+2) d(3x+ 1)
- (Ss+l) d(x

-

dy=

(*+2)
2

x+2 5 _ 5 da;

3o;+l'(a;+2)
2
*~

3x2+7a;+2'
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5. Differentiate y=

Solution. dy= t

But by formula (Z),

= (02*^-3*) ds

6. Find the derivative of 10*
4343aj

.

Solution. By formula (W),

d(10-
4343a;

)
= 1

logio e

.4343

da?

lo

7. Find the greatest value of--

Solution. Let y equal the given expression. Then for y to

be a maximum dy/dx=Q>
Now in the numerator of the given expression, loge (x

2
)
= 2 loge x.

.
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Differentiating,

. .

and since is a fraction
x2

)lQge X'd(x
2
)

4

This result in (a) gives

dx
loge x*2x dx

X

x(l 2loge x) dx 1 --,^., j
rss -

~~(lX

-21og.a?

<%/_
/l

'""

&?" V

Hence for dy/dx=Q we have the fraction on the right of this

equation equal to zero, and for a fraction to be zero its numerator

is zero. Therefore

l-21oge z=0

2 log 3=1, or Io

is the condition for y to be a maximum. Substituting this value

of x2 in the original expression we get

2/max.
e
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ax

8. Find the second and third derivative of y= e

SolutionBy formula (Z) dy=ae
ax

dx. Hence

dx

d̂x2 dx

=

^=
dxs

By continuing this process we would obtain for the nth derivative

=aneax= any.
dxn

9. In many branches of applied mathematics the functions

are of great importance. Show that du/dx=v and dv/dx=u.

Solution.

-e-* dx) = %(e-e~*} dx.

^_
dx

Similarly,
dv=^d

= %(e* dx+e~
x
dx) = %(f+e-~) dx

*
= l a

da;
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10. In the disintegration of radium it is found by experiment
that the amount present at any time after the beginning of the

process can be expressed as a negative exponential function of the

time. Show that the rate of disintegration at any instant is

proportional to the amount of radium present at that time.

Solution. Let A be the amount remaining after t seconds.

Then to express this as a negative exponential of the time we have

where a is constant. The rate of disintegration (rate of change
of A} is

dA__ _at

~~dt~~

~ ae '

or

dA_ __at

dt~~
'

the negative rate showing that A, the amount present, decreases.

But e~at
is A. Therefore the value of the negative rate is

dA
=aA,

dt

which shows that it is proportional to A, the amount present, the

constant of proportionality being a.

EXERCISES AND PROBLEMS

dy
In each of the following find dy and .

ax

4. ?/=

5. y=(
2. y=xn

loge x- 6. ?/=a

7. y=l
8. ?/=l
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In each of the following find maximum and minimuni values of y;

10. 2/=loge(l+ 2
). 12. y=~^.

13. What is the minimum value of y=ae7c:s+be~jfx
; a, b and k being

constants?

14. A submarine cable consists of a core of copper wires with a covering
made of non-conducting material. If x denotes the ratio of the radius of

the core to the thickness of the covering (x=r/) it is proved in the theory
of the submarine cable that the speed of signaling over the cable is given

by the formula $=&c2
loge (I/a;). Show that the maximum speed is

attained when x=l/e.
15. The graph of the equation y=e(

~~x*} is called the "probability

curve," as it is important in the theory of probability and statistics. Find
the maximum ordinate of this curve.



Chapter XI

SUMMARY OF DIFFERENTIATION FORMULAS

49. Remarks. In the preceding chapters we have studied the
mathematical meaning of rates of change of varying quantities
and found that this could be expressed by means of formulas
and equations giving the differentials of the quantities. We then
derived formulas for all the ordinary forms of expressions, or

functions.

From these differential formulas the rates or derivatives are

immediately obtained and we have used these in working many
problems which involved the rates of change of certain quantities
under specified conditions and also the greatest and least values

they could have under specified conditions. We shall have need
for all of these formulas in our later work hi which we examine the

question of varying quantities from another viewpoint.
For reference and review, therefore, we collect in this chapter

a list of all the differential formulas and the corresponding deriva

tives. These are given in the next article.

50. Differential and Derivative Formulas.

Function Differential Derivative

(A) x+y+z-i dx+dy+dz-}-*

(C) y=x+c dy=dx ~d~~^

(D) 7/
= rc dy=dx ~dbl

dx

dy
(E) y=mx dy~m ax =m

dx
145
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Function Differential Derivative

CF)

(G)

(H)

(J)

(L)

(M)
(N)
(P)

(Q)

(R)

(S)

(T)

(W) 2/=

(Y) y=e
(Z) t/=

Differential

dyZxdx
. dx

dz x dy-i~y dx
dx

dy=nxn
~l dx

dy= cos dB

dy~smd dB

x
dx

,

dy= .
-
log&e

~ex dx

dy/dx=

> csc cot

-
x

*-
x

--
log&e

dy/dx

This list is sometimes called the differential catechism and is

usually contained in the handbooks of engineering, physics and
chemistry. One who expects to use the calculus frequently should
master this list thoroughly. The following list of exercises will

provide practice in the use of the formulas.

EEVIEW EXERCISES
Find the differential and the derivative of each of the following func

tions:

2.
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6. u=loge (ai).

7. r=sin (off).

8. y=\Qge (sin a;).

10. s=ef cos L

11. y^/--^/-

12. w=V^+l.

19. If 2
+2/

2=a2
, show that d|/=

'

20. If Vx+Vy=Va, show that dy= -J^r.\x



Chapter XII

REVERSING THE PROCESS OF DIFFERENTIATION

51. A New Type of Problem. In all our work so far we have
had given, or could formulate directly from given data, the rela

tion between two quantities and were required to find the rate

of one in terms of the rate of the other, or to find the greatest or

least value of one corresponding to certain values of the other.

Either of these problems depended on our finding the rate or

derivative of one of the quantities in terms of the other, which in

turn required that the differentials be found.

Let us suppose now that the problem is reversed. This means
that we have given, or can immediately formulate from given

data, the rate or derivative of one quantity in terms of the other

and are required to find the relation between the quantities them
selves, and this hi turn will depend on finding the quantity when
we know its differential.

As an illustration of the first problem let us recall the example
of the falling body which we discussed in articles 29 and 30. Here
it is known by experiment that in a specified time t seconds an
object falls through a space s feet which is related to the time

by the equation
s=16^ (62)

and we are required to find (i) the velocity which it has at the end
of the time t, or (ii) the acceleration which it must have in order
to attain that velocity. Since the velocity v equals d$/dt, the first

requires us to find the rate of s in terms of t from the relation (62),
that is, the derivative of s with respect to t, ds/dt. Since the

US
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d2s
acceleration a equals ,

the second requires us to find the second
dtr

derivative of s with respect to t, from the same relation (62).

The answer to the first is, as we know, ds=32t dt and

ds
v==%2t, (63)

dt

and the answer to the second is dv=d[ ) =32 dt or

That is, at any time t the falling object has a velocity v=322, and

to attain this velocity in the time t when falling freely its accelera

tion is a=32.
dv

If the problem is now reversed, we have given a= =32,
dt

(i) to find the velocity at any time t, and from the velocity

ds
v =~~-=321 (ii) to find the relation between s and t. The answer

dt
^

to the first is clear from the following: Since dv/dt=32 }
then

dv= 32dt, (64)

and we have to find v when we know its differential. From (64)

we know, by reversing the process of differentiation, that

v=32, (65)

which is the relation between v and t given by equation (63).

The answer to the second question is now also clear: Since

v=ds/dt, we have ds/dt=32t=16-2t, then

ds=16(2tdt), (66)
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and again we have to find s when we know its differential. From

(66) we know that, by again reversing the process of differentia

tion, s=16 2
j
which is the relation between s and t given by the

original equation (62).

In the present case we are able to check our results in reversing

the process of differentiation because we already have the original

relations to which we were to work back. Suppose, however,
we have a case in which we are given the derivative, rate or differ

ential and do not know beforehand the required original relation

between the quantities involved. How then shall we proceed?
The answer is, of course, plain: Simply recognize the given expres

sion as the result obtained by one of our differentiation formulas

of article 50 and reverse the process of differentiation.

Thus, suppose we have given the fact that in a certain problem
the derivative of a certain function is

(67)

and are asked to find the original relation between y and x. By
multiplying (67) by dx we have

and therefore, as we know from finding the differential of re
4
,

it must be that dy=d(x
4
) ) that is,

and all we had to do was to find y when its differential is known.

52. Integration and Integrals. The considerations of the

preceding article form the foundations of a second branch of the

calculus. In order to formulate the principle brought out in those

considerations let us summarize in convenient form what we have
done.
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In the first case with a=dv/dt=*32, or with

dv= 32dt

known we found

That is, we reversed the differential formula (E) of the list in

article 50, the number 32 corresponding to the constant coeffi

cient m.

In the second case with v=ds/<B=32i;
or with

known, we found

In this case we reversed the differential formula QF), there being

also a constant coefficient, namely 16, prefixed to this formula.

In the case of dy/dx=4x
3

,
or

dy=4$? dx,

we similarly reversed the formula (L) with n=4 and n 1=3.

It should now be plain that when we know the derivative or

differential relation between two quantities, in order to find the

relation between the quantities themselves, it is only necessary

to recognize the differential as corresponding to one of the formulas

of the differential catechism and then write out the corresponding

function by reversing the differential formula. This process, the

reverse of differentiation, is called integration. Also, as we find the

differential when we differentiate, so in the process of integration

we are said to integrate an expression or to find its integral.

Thus in the examples discussed above we

integrate 32 dt, or find its integral 32t;

integrate 16(2$ <fi), find its integral 16f;

integrate 4#3 dx, find its integral x*.
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Just as we have a symbol for differentiation and write

so also we have a symbol for integration, and we write

f4x3 dx=x4

(68)

The word differential comes from the "difference" or part of

a quantity and the letter d is the initial. Similarly the word

integral means whole or total and the symbol / is an elongated S,

the initial letter of the word "sum." To differentiate a quantity
or function is to find its differential or part, which results from a

small change in value of the independent variable, and to integrate

is to sum up the differentials, that is, find the original function or

quantity from its differential. The part of the calculus which has

to do with integrals and integration and their applications is

called the Integral Cakulm.

We shall later find a fuller interpretation of this process of

integration and a fuller appreciation of its significance by applying
it to geometrical and technical problems. For the present we
must concern ourselves with the matter of obtaining integral

formulas such as those of (68) for all the ordinary functions, in the

same way that we first had to find the differential formulas before

we could handle problems in which rates and derivatives played
a part.
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53. Integral Formulas. In solving problems which involve

the rates of change of quantities, the relation between given data

and required result may take any form whatever, and therefore

the formula or equation giving the rate may be any form of expres

sion whatever. However, the relations between the quantities

involved are nothing more than what we call functions, and we saw
in article 9 that all functions can be divided into definite classes.

Since the rinding of rates and derivatives depends on knowing the

differentials, it was only necessary to find the differentials of cer

tain classes of functions, combinations of which go to make up
almost all the functional relations usually met with.

We found that there are about two dozen such functions and

their differentials are called the standard forms. When we know
these standard forms we are able to differentiate any expression

which may be met.

Similarly, if we can integrate a certain number of expressions

which are met most frequently, we can, by combining these forms

or by reducing a given expression to combinations of these forms,

integrate the more usual expressions.

Since the process of integration is the reverse of differentiation,

we can obviously find a number of integrals simply by reversing

the standard differential formulas. Since, however, some of the

differential formulas were obtained by an indirect method, their

reversal will require an indirect procedure. The list of integrals

obtained in either way from the differential formulas and related

formulas are also called standard forms, and we shall find also that

there are about two dozen of them.

In the next chapter we take up the derivation of the standard

integral formulas.



Chapter XIII

INTEGRAL FORMULAS

54. Integral Formulas Obtained DirecUy from Differentials.

The references to differential formulas made liere will be to the

fist in article 50 of Chapter XI.

Referring to formula (A) it is at once obvious that since

d(x+y+z+- -)

then the reverse operation must also deal with the entire expres
sion one term at a time. That is,

r r
CD

and so for any expression made up of the sum or differences of

terms of any form, to integrate the entire expression integrate
each term separately.

In formula (C) the process of differentiation caused the constant

c to disappear from the result, because by formula (B) a quantity
which does not vary has no differential. In the reverse process
therefore the constant c must reappear. That is, from (C)

dx=x+C. (II)

This simple-looking formula is of the greatest importance; it

means that in any integration a constant must be added to the
result. The reason for this is, of course, that since we do not know
before we integrate whether there wTas an added constant in the

original function or not, we should always include it to be certain.

154
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In applied problems the conditions of the problem will determine
whether or not the added constant is to be retained in any case,
and if so, determine its value.

^

Later on we shall discuss this matter further, but for the present
it is to be understood that in every case a constant is to be added
after integrating. This will apply to formula (I) above and to

every formula which follows, even though for simplicity in writing
we may not always include it.

Reversing formula (D) and adding the constant of integration
we get at once

A&0=: f (Ill)

This formula states that the integral of a negative expression is

negative, and that of a positive expression is positive.
In formula (E), the process of differentiation does not apply

to the constant m, since a constant has no differential, but only
to the variable x. Therefore, in integration the constant m may
be removed "outside" the integral sign, that is, placed before it,

and we write

/ mdxm I dx. (TV)

/_m -mx

will apply in every case in which we have to integrate an expres
sion which has a constant coefficient. The constant coefficient

can be removed outside the integral sign and only used again to

multiply the integrated expression after the process is complete.
It does not matter whether the variable part of the expression be

simply dx or the differential of any single variable, or a compli
cated expression formed from the differential of another com
plicated function. The constant multiplier in either case does

not enter into the integration, but remains as a simple multiplier.
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From these considerations it will be seen at once that we may
introduce any multiplying or dividing constant inside the integral

sign at will if we will at the same time do the reverse and divide

or multiply by the same constant on the outside of the integral

so as to cancel the effect inside.

In deriving the differential formulas we found that formulas

(F), (G), and (J) are all equivalent to (L), because in (F), a? is

xn with n2, in (G) -\/x=d* or n= J, and in (J) l/x=x~~
1
or

n= 1. The integral formula corresponding to (L) will there

fore correspond also to (F), (G) and (J).

The integral of (L) is at once seen to be

but by (IV), we can write

/ nxn
~"1 dx=n I xn

~~l dx

since n is a constant. This would mean that we are to integrate

xn
~~~l dx without reference to the coefficient n. How are we to

find I xn
~~~l dx alone without the coefficient when we know that

the coefficient n is an essential part of the result? In other words,

since if n is any number whatever so is ra 1, how would we in

general integrate a variable raised to any power? How would

we integrate x3 dx without the coefficient 4, which tells us that 3?

results from differentiating x*? Using the letter m to represent

any number whatever, how shall we integrate xm dx?

To determine this let us find the differential of the variable

raised to a power 1 greater than m, that is, find d(x
m+1

). By the

differential formula (L)

~1 dx



[Aar. 54] INTEGRAL FORMULAS 157

Dividing both sides of this equation by (m+1), and transposing
we have,

m+l

However, since m is a constant, so is l/(m+l). Therefore, we
can place l/(m+l) outside the integral sign according to formula

(IV), and write the last equation as

But according to formula (II) jd(x
m+l

)=xm+l+C. Therefore

fxdx*=( \xm+l
+C,J \ro+l/

or, for simplicity in writing,

xm dx= . (V)
m+1

This is the final formula for integrating xm dx in which m may
represent any exponent whatever (except m= 1) as n may repre

sent any exponent whatever in the differentiation formula (L).

Let us see now whether or not formula (V) is the reverse of

formula (L). In (L), to differentiate x to any power we decrease

the exponent by 1 and multiply by the old exponent. In (V), to

integrate x to any power we increase the exponent by 1 and divide

by the new exponent. Formula (V) is therefore exactly the re*

verse of formula (L).
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Let us see now if formula (V) will give us the reverse of differ

entiation formulas (F), (G) and (J). If so, then we should get

**/-/" **"_!
-7=-v, / -^-x

-

v# J x &

^ince 2 is constant and z is re
1
,
we can write the first of these three

as 2 fx
l
dx. Then, according to formula (V), we get

J r- n r.l+ll /^2\

-'* Thsefore<

and

For tlie tMrd, since the minus sign goes outside the integral sign

dx

by formula (III) and -;=x~
2
dx, then by 00

X

Therefore, integration formula (V) is precisely the reverse of (L)

and includes the reverse process of each of (F), (G) and (J).

Formula (M) shows at once that

(VII)
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but by (N) d(cos 0)
= sin d&, hence on reversing this formula,

/d(cos0) = I (-swede).

A cos 0= I sin 8 d6,

or,

/ sin d0= cos 0. (VI)

In the same way we get from the differential formulas (P),

(Q), (R) and (S) the integral formulas

/ sec
2 d0=tan (XII)

/ esc
2 dd= cot (XIII)

/ sec0tan0d0=sec0 (XIV)

and

/ esc cot c?0= esc 0. (XV)

By reversing differential formula (U) we get at once

(XVI)

This is an important formula and will often be referred to.

Digressing a moment, we may say, in connection with formula

(XVI), that integration is a process which can be defined without

any reference to or knowledge of logarithms, and when integration
is once defined, the above integral can be taken as the definition

of a logarithm. This is sometimes done and the definition takes

the following form: "The logarithm of a number z to the base e

is a number L such that

/&-. (69)
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This is written, L=Ioge z." After this definition is given, it is

then easy to show from the differential formulas involving loge z

that z=eL and from this that for any base 6 if Z=log& then

z~bl
. These definitions, therefore, amount to the same as the

ordinary definition of logarithms given in algebra.

Returning to our differential formulas, we also see at once that

from formula (Y) we get directly

(XVII)

In formula (Z) to get d(e
ax

) we write e with the same exponent
and multiply by the constant a. In reversing this to get the inte

gral, we write e with the same exponent and divide by a. This

gives us

fe
ax dx^

e
. (XVIII)

J a

This completes the list of integral formulas which are easily

and directly obtained from the differential formulas. In the next

article we derive several which require some simple transforma

tions.

55. Integral Formulas Derived Indirectly. In our list of dif

ferentials there is no formula which gives tan dQ as the differ

ential of another function. We cannot, therefore, find / tan 8 d8

directly by reversal of a differential formula. The same is true

of cot 0, sec and esc 0, and also of a few logarithmic and exponen
tial functions. For this reason we must find these by certain

simple transformations of the formulas which we do have.

Since tan 0=sin 0/cos 0= (sin 0/cos 0), therefore

COS0



T. 55] INTEGRAL FORMULAS 161

But (sin d6) =<2(cos 0) by formula (N). Hence

c r
I tan0<Z0=- /

cos0

But this integral is of the same form as formula (XVI) with x

replaced by cos 0. Therefore

/tan d0= -log, (cos 0) (VIII)

Similarly

//Ycos0\
f(eosdd0) fd(smB)

cot 0= / (- )d0= /
=

/ .

./ \sin 0/ y sin ^ sin

/ cot 6dd= loge (sin 0) . (IX)/tan 0+sec
sec d0 we multiply sec by , which is

tan 0+sec

equal to 1, and, of course, makes no change in the original expres
sion except in its form. We get then

r fi
I sec0d0= I -

'sec 0(tan 04~sec 0) dd

tan 0+sec

or, by multiplying out the parentheses,

-(sec tan dB) +(sec
2

dB)
I sec0d0= / -

sec 0+tan
But

d(sec 0+tan 0)
= d(sec 0) +d(tan 0)

=
(sec tan dB}+ (sec

2
dff) .

Therefore, the numerator of the fraction is the differential of the

denominator and we can write it

tf(sec 0+tan 0)

sec 0+tan

f(

sec0d0= / -
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and this is also of the form of (XVI). Therefore

/sec & dB=loge (sec 0+tan 0). (X)

To find / esc 8 dd we use the same kind of scheme and write it

//*csc
0( cot 0+esc e) dd

esG&d8= I
~~~

J cot 0+csc 8

;
csc cot 6 dff) +csc

2
8 dd)

J CSC

csc 6 cot

?-COt0)

esc 8 cot

/cse J0=loge (esc cot 0). (XI)

We were able to find / e? dx without any trouble because <? is

its own derivative. For any other exponential such as 6% how

ever, this is not the case. In order to find / b
x dx we must find a

suitable transformation.

From formula (W) we have d(b
x
)
=

(
V dx, therefore,

\logh e/

and

fb*dx= /"(logs e)-d(6
a;

)
= aog6 e)fd(b*),

since log& e is a constant.

/. Ax AT= aog& e)y. (XIX)
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From formula (H), if we replace x and y by u and v, we get

and by integrating,

/ d(w)} = I u dv+ I v du,

:. uv= I udv+ I vdu.

We cannot perform the two separate integrations on the right of

this equation because in the first dv is not expressed in terms of u
and in the second du is not expressed in terms of v. Transposing
the equation, however,

I udv=uv I vduy (70)

which is an important formula for use in transforming other

integrals. Although it does not give us exactly the value of the

integral / u dv on the left, the equation gives this integral partially

by stating that it is equal to uv minus another integral. This

process is sometimes called partial integration or integration by
parts. If both the factors u and v of the product uv are known

separately then du can be found and when this value is put in the

second integral on the right the process can frequently be com

pleted.

We shall use equation (70) to find / loge x dx, which is not

the direct result of differentiation of any single term and so can

not be obtained by the direct reversal of any of our differential

formulas.

By formula (U) <2(loge x) =dx/xy
hence x-d(loge x) =dx. Inte

grating this, //^^/i \ __ j j (Ti ^

J
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Now the integral / x d(loge x) corresponds exactly to the integral

I u-dv with x in place of u and logc x in place of v. We can write,

therefore,

11= x, v=loge x, and du=dx.

If we put these values of u, v and du in equation (70) we have

/ X'd(loge X) =X-loge X I logeX'dx.

But in this, by equation (71), / x -d(loge x) =x. Therefore,

X=X'loge X I loge X'dx.

Transposing this we have, / lQge x-dx=x-Ioge x x, or, taking

out x as a factor of the two terms on the right,

/ loge X dx^xQ-Oge X 1). (XX)

In order to find the integral, / log& x dx, we use the same

method but start with differential formula (T). This formula

states that d(!og& x) = (log& e)
-

dx/x. Therefore,

x d(log& x) (log?, e) dx.

/. / X'dQogb x)= I (logi e) dx= (log& e) / dx= (log& e) -x, (72)

(log& e) being a constant. If now we let u=x, t;=log& x, du=dx{

in equation (70) we get for the first integral on the left of (72),

/ x-d(logi>x)=x-logf> x I log&
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But by (72), the integral on the left here is equal to (log&e)-#.

Therefore,

/

or
/

log& x dx=x -

log& x x log& e= #(log& x log& e) .

But the difference between two logarithms is the logarithm of a

quotient. Applying this principle to the expression in parentheses
we get finally

/ log& x dx^x Iog6 (-\ (XXI)

This completes the list of the more useful and usual integral

formulas, though there are many more which might be added to

the list.

56. Summary of Integrals. We collect here for easy reference

the integrals found in this chapter. A longer list is usually given
in the handbooks of engineering, physics and chemistry.

In using the following list it is to be understood that a constant

is added after each result as in formula (II).

(I)

(II) fdx=x+C

ail) Adz) = fdx

(IV) / mdx=m I dx

/
xm+l*-<&=-
7TC+1
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(VI) / s

CVH) I c

(VIII) / tan d6= -log (cos 6)

(IX) / cot B de= loge (sin 0)

(X) / sec ^ dO= loge (sec ^+tan 0)

(XI) / esc ^ d&= loge (esc ^ cot 0)

(XII) I
sev

2 0dd=ta,n0

(XDI) y
esc

2 &de=*~-cot&

(XIV) /s

(XV) /c

rrfx

(XVI) ~loge x
J x

(XVH) le*dx=e*

f e"*

(XVIH) I e^dx^
J a
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(XIX) /

(XX)

(XXI) Aog6 z <fo=a? log*>
-

57. Illustrative Examples. 1. If the differential of y is

find tlie value of y.

Solution. The value of y is / dy. Therefore

2/= f(4x
3
+3a?+2x+l) dx}

or by formula (I),

y= f*4x*dx+ fsz2 dx+ f'2xdx+ fdx,

and by (IV),

y=4 fx*dx+3 fx2 dx+2 fxdx+ fdx.

Hence by (V),

2. Integrate 2(cos 2x sin 2x)

Solution. .

/ [2(cos 2oj sin 2a?)] cte=2 / cos 2xdx2 I sin 2x dx.
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Let 2x*=6, then 2 dx^dQ and dx= f dd. Therefore

cos 2x dx=cos B-\ 8,8= f- cos 6 d&
3

and similarly for sin 2x dx. Hence

/ Qos2xdx= I lj>Qos8dd=^ I cos(?d9= jsin^

byformula(Vn);

/ sin 2x dx= I ^sm 6 dd=^ I sm.6 d8= \ cos 0,

by formula (VI).

/. 2 / cos 2o: da: 2 / sin 2# dx=2(| sin 0) 2( | cos 0)

=sin 0+cos ^==sin 2x+cos 2x.

/ [2(cos 2x sin 2a?)] &;=sin 2x+cos 2x+C.

/*/ 1 2 1 \
3. Find the value of / {^ ^+~~ -

] dx.J \ & 3? 3?J

121
Solution.-^

--^+
- ^yP-x-K+Zc-t-x-2.

Therefore, the integral of the expresaon is

fx*dx- fx* dx+2 fx~
z dx- fx~2 dx

7+2
(1+1) (-1+1) (-3+1) (-2+1)
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4. Prove / (y I)
3 = \-Zy- 1

J 2/32
Proof. (y~l)

3
y
3

y y

=
fy

2
dy-3 fy dy+3 Cdy- f~.

Applying formula (V) to the first two of these integrals and (XVI)
to the last we get

dy y
3

3z/
2

f-1)
3 = +3y-loge y+C,
y 3 2

as was to be proved.

dx
5. Integrate

Solution. Now d(3x+l) equals 3 dx, so that if the numerator

of the given expression were 3 dx instead of dx we would have

/ . But this requires multiplication by 3, and to com-

pensate for this or avoid changing the value of the expression we
must also divide by 3, as pointed out in the derivation of formula

(IV). We can write

C dx 1 r Bdx
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and the last expression is of the same form as j -^.
By formula

(XVI), therefore,

/"-^J 3x+l 3

This completes the integration, but the result may be put into

a different form. For

... r
J

6. Find / (sec x tan x) sec x dx.

Solution (sec x -tan x) sec x= sec
2 x -sec x tan x. Hence, the

integral is

Asec2 x-sec x tan x) dx= /sec
2 x dx- / sec x tan x ds,

and by formula (XII),

/ sec
2

db=tan:r,

while by (XIV),

I sec a; tan x dx=sec x.

/ (sec x tan a) sec x dx= tan a; -sec 2;+^.

7. Integrate 2(cot ^+tan d) and simplify the result.

Solution. /Wot ^+tan 6)]
dd=2j(eot

^+tan 0) dff

=2 fcoi6d9+2
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By formula (IX),

/ cot ddO= loge (sin0).

By formula (VIH),

/ tan dd= loge (cos 0).

A 2 / cot cW+2 / tan dd =2 loge (sin 0) 2 logfi (cos 0)

=2[loge (sin 0) -loge (cos 0)]

/sin 0\=2 loge 1=2 Ioge (tan 0)
Vcos 07

=loge (tan
2
0)

/[2(cot
0+tan 0)] d0= loge (tan

2
0)+C.

r
8. Find the numerical value of -| / (loge z+logio ^) ^ when

#=26.
r r f

Solution. / (Ioge+logio#)d2;= I loge o;da;+ / ]

J J J
By (XX),

/ loge #do;=x(log^a; 1).

By (xxi)

/ logio xdx=x logio I

~
1-

J Ve7

i r _if
2 J

ge ^ glOX 2
L

r-

=
i

when #=2e this gives

<e

(x

loge(2e)-l+logio(
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which, on being reduced becomes e[(log 2+log e) l+Iogi 2],

or finally, e(loge 2+logi 2).

Now e=2.7183, Ioge 2 = .69315, Iog10 2=.30103. Using these

numerical values in the last expression it becomes

2.7183(.69315+.30103) =2.7.

Hence when x2e,

9. Integrate 2.3026(10
X
).

Solution f2.302Q(lQ
x
) dx= 2.3026

JlQ*dx and, by for

mula (XIX), A(T(ic=(logio^-10
:c

==.4343(10
:c

). Also 2.3026

times .4343 equals 1. Therefore,

/2.3Q26(10*) dx~l&*+C.

10. If dW~pdv and pvRT, where B and T are constants,

find the value of W.
Solution,. Since pv=RT, p=RT/v and dW=pdv=RT(dv/v).

Therefore, W which is equal to / dW, equals

/rdvRT(dv/v)=RT I .

This integration and the resulting formula are of great importance
in the theory of gases and steam, and in books on physics and
steam engineering the constant C is determined.
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EXERCISES

Perform each, of the following integrations after suitable algebraic

transformation, when necessary, to bring the given expression into one of

the standard forms of article 56.

2. fx(Ga?+7/at+4) dx. (Multiply out.)

3.

5. I
2a loge x dx.

*/
7. /Sg^

3_ 3.2_x_-3. _ 3.
_x_

8. /--^
-dx. (Simplify by division.)

*

10. f(sm 3a;+cos 5x sin -
Jdx.

II f
+

d9. (Express in terms of sec 6 and tan 0.)
J cos u

12. Adn0cos0d0. (Note that

15.
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21 /'

J
/- / _

17.
Imfx-waxdx.

22. /(e-e a
)
2
da;.

18. f\&nax-m<?axdx. 23.

// secx
y 24.

J Vl+tana;/

/(2x+5)fc r
201

J 3?+to
^

J



Chapter XIV

HOW TO USE INTEGRAL FORMULAS

58. The Standard Forms. The integrals in the list of article 56
are the so-called standard forms, and, as we have seen in the
illustrative examples, and the exercises of the last chapter, these

will suffice for the integration of many expressions. Obviously,

however, not all possible expressions will be of exactly these

forms. It will therefore be necessary to make some transforma

tion, or to substitute a new variable in place of the old, or to sepa
rate the given expression into parts, etc., such that it will be con
verted into a form which can be recognized as corresponding to

one of the standard forms.

When an integral is once recognized as one of the standard

forms it is at once written out by the appropriate integral formula;
the first thing to be done in any case, therefore, is to examine the

integral to see whether or not it is a standard form, and if it is

not, the next thing to do is to transform it so as to reduce it to

such a form. A large part of the work in integration, therefore, is

not actually integration, but algebraic transformation and reduc

tion, and it is evident that the student of calculus must be able to

use the methods and formulas of algebra and trigonometry in

order to do this work successfully and easily.

The remainder of this chapter will be concerned with methods
of using the integral formulas in cases which require transforma

tion or reduction. We shall find, however, that there are no

general rules for these transformations, but each must be handled

as a separate problem.
59. Algebraic Simplification. Many expressions involving

175
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products and quotients can be changed into sums and differences

by carrying out the indicated multiplications and divisions. As

an illustration consider the example / (x
2
+Sx)x dx. This does

not correspond to any of the standard forms, but by multiplica

tion (x
2
+3x)x=x

3+3x2 and therefore / (x
2
+3x)x dx

"

becomes

/ x3 dx+3 I x2 cte= Jx
4+x3+C. By the same method we can

write

/ (ax+V)(x c) dx= I (ax
2

ocx+fcx be) dx

=a / x2 dx+(b oc) / xdxbc I dx

/-/X3_a3x
In the integral I I

-
)
dx we can, by division, write

J \ xa J
- 3

and the integral becomes

J(x
2+ox+a2

)dx= fx2 dx+a jxdx+a
2 fdx

In this case the quotient is exact, but in many cases it may
not be so. Thus, in the case

^dx
x+3

the denominator is not a factor of the numerator. By carrying
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out the indicated division as far as it will go, however, and forming
183

a fraction of the remainder, we get 2x3 8x2+2Qx 6H--,

x+3
and when this is integrated term by term it gives

2
jx*dx-S Jx

2 dx+2Q jxdx-61 fdx+183 f-
= iz*H|z

3
+10a;

2 -61z+183 log, (z+3)+C.

Generally a fraction may be reduced to a sum or difference of

terms by division, if the highest power of the variable in the

numerator is equal to or greater than the highest power of the

variable in the denominator.

In any case of products or quotients there must be only one

variable. While no general rule can be given, the above illustra

tions will indicate the method to be used in any particular example.
60. Method of Substitution. A very useful method of integra

tion is that of substitution of a new variable in place of some func

tion of the given variable in the integral. An illustration is more
instructive than a description. For example, let us find

sin 3x dx. In integrating / sin 6 d6= cos 8 we have/ sin 3x dx. In integrating / si

dd=d(ff) but in our present integral dx is not equal to d(3x). So

in place of 3x let us substitute 6=3x; then d$3dx and hence

dx=^ dQ. The integral then becomes

/ (sin0)(|<i0)
=

|-
/ si

But 0=3z and the final result is therefore JcosSx+C, or

C J-cos3#.

Similarly, in / sin 6 cos 6 d6, let sin 0=0, then
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But we already liave cos0d0 in the integral. The integral is

therefore,

/ (sin0)(cos0d0) =

But z=sin and the result is therefore |- sin
2
0-j-C.

In general we may say that this method will work if one part
of the expression to be integrated is equal to the differential of

the other part or can be made so by multiplication or division by
a constant. The parts here referred to are understood to be

factors. Thus in the second case above we had

while in the first d(3x) = 3dx.

As a third example consider the integral / x

This can be written / (x
2 a2)*

4 x dx. Now

d(x
2-a2

) =d(z
2
) -d(a

2
) =2(x dte),

therefore xdx= ^(x
2 a2) . So let x2 a2=z and we have

or 3^+0. Replacing in this the value of z the final result is

or

The substitution used in this last example will always work in

the case of the square root of a binomial in which one term is a
constant and the other a power of the variable, provided the

square root is multiplied by the variable raised to a power which
is one less than the power under the radical.

In dealing with right triangles, or distances from the origin

to points on a graph, such expressions as a2 x2
,
x2 a2

,
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etc., are met so often that they have all been integrated and are

of such frequent use that they are often included in lists of the

standard forms. These may all be integrated by the method of

substitution and as examples of the method we will consider a few
of them here.

dx
T

x*+a2

(73)

Then,
x2+a2= a2 tan2 6+a2= a2 (tan

2
0+1).

But, by trigonometry, tan2 0+1= sec
2
6; therefore,

,(z
2+a2

)=a2
sec

2
0.

Also, by (73),

/-T-- and use the substitution
x

Using these values the integral becomes

dx ra sec
2 Ode 1dx ra sec Ode 1 r

~JT^= / *
-

JT=
-

/ <

or+or J crsec2 aj

By (73), tan 6=x/a, hence, is the "angle whose tangent is x/a."
This is written

The result of the integration is, therefore, -tan 1

(-J+C, or

when the constant is understood to be added,
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Then, ^2+a2=z2
,
and differentiating this to obtain a relation

involving dx, we get 2z dx= 2x dz. Hence,

dx dz

z x

This is a proportion, and, by algebra, when a/b=c/d then

a (a+c)

Therefore, our proportion can be written dx/z=(dx+dz)/(x+z).

But, in this, dx+dz=d(x+z). Hence,

- /r/ x+z
loge (

Replacing in the first and last member of this equation, the value

of z from equation (74), we get finally

-log, (x+

11 the original z2+a2 had been a?-a2 we would have the same

result with the sign changed under the radical sign. Therefore,

to cover both cases, and understanding that the constant C is to

be added, we can write

(XXIV)

These illustrations will indicate sufficiently the use of the

method of substitution.
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61. Integration by Parts. In deriving the integral formulas

(XX) and (XXI), article 55, we explained briefly this method of

integration. As shown there, since

d(uv)=udv+vdu,

then,

udv=* d(uv) v du,

and integrating,

I udv=uv jvdu+C. (75)

This formula or method may be used whenever it is required
to integrate a product, one part of which is the differential of

some expression, but not, however, the differential of the other

factor. Thus one factor or part of the product will be the function

u and the other the differential of some function v, that is, dv.

Integration of the part set equal to dv, gives v, and differentiation

of the part set equal to u, gives du. The resulting expressions

for u, v and du are then substituted in the right side of equation

(75), and if the resulting integral / v du can be found, the equa

tion gives the full expression for the original integral I udv. If
J

the integral / v du cannot be integrated, or if it gives an impos

sible result, the method does not work. Sometimes this second

integral must itself be integrated by parts.

As illustrations of the use of this method, we already have the

derivation of formulas (XX) and (XXI). As another illustration,

let us integrate / x sin x dx. In this case we can easily integrate

sm x dx, so in the product #*sin x*dx let us put
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Then

dudxj v= cos x,

and
r , c ,

I udv=u~v 1 V'du
J J

or

/ (x)
-

(sin x dx) = (x) ( cos x) / (-cos x) (dx).

The operations indicated in the right member of this equation,

when carried out, give

x cos x+ / cos x dx= x cos x+sin x+C.

Therefore,

/ x sin x dx=sin x x cos x+C.

As an illustration of a case in which the second integral in

equation (75) must itself be integrated by parts, let us consider

the integral / x2 cos x dx. Put

u=x2
y dv= cos x dx,

then,
ctu "" ^x ctXt v == sin x

and

/ w dv=z? sinx 2 /xsinxdx.

Here the last expression must itself be integrated by parts. How
ever, in the last example, we found this equal to sinx x cos x.

Therefore, our original integral becomes

x2 cos x dx=x2 sin x 2(sin x x cos x)

=x2
sin x 2 sin x+2x cos x

= (x
2

2) sin x+2x cos x+C.
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It is not always an easy matter to select the proper factor for u
and for dvt

and sometimes either part may serve equally well for

u or dv. In such cases the best choice can only be determined by

trial. A case to which the method does not apply is, / x tan x dx~

In fact this expression has never been integrated by any method.

62. Remarks. As seen in each of the examples worked out in

this chapter the expression required to be integrated has in every
case either been separated into parts or changed in form so that

the whole expression or each of the parts separately reduces to

one of the standard forms. As stated before, there are no general
rules which cover all cases; each case must be handled as a sepa
rate problem, but, in general, if the expression is integrable, some
such procedure will usually serve. There are other methods

applicable to other and more complicated forms of expression, but

the reader must refer to more advanced books for these,

As a matter of fact, there are a very great many expressions

which cannot be integrated by any methods known except by
approximation. It is fortunately true, however, that most of the

expressions met in ordinary engineering science can either be

reduced to standard forms or else integrated by simple approxi

mate methods as accurately as engineering measurements require.

Integration in general is as much an art as a science, and, as

such, it requires a great deal of practice. The student is, therefore,

urged to work all the exercises given in this and the preceding

chapter and as many others as he can find in his reading.

As a test of the correctness of an integration, it is wise to differ

entiate the result. Differentiation should, of course, give back

again the original expression.

As already mentioned, tables of integrals have been prepared

which give not only the standard forms of article 56 but also

many other integrals involving such combinations as those dis

cussed in this chapter. Thus Peirce's "Table of Integrals" con

tains over five hundred integrals, and, in addition, lists of deriva-
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tives and other formulas useful in trigonometry and higher math
ematics. The various handbooks of engineering also contain lists

of the integrals which are most useful in engineering and applied

science.

At the end of this book there is a table containing 63 integrals

which include those most frequently useful in the ordinary appli

cations of the calculus. If one has occasion to use integrals often

this table or the larger table of Peirce mentioned above will be

found very useful. In the following practice exercises, however,
the reader should as far as possible use the methods of reduction

explained and illustrated in this chapter together with the stand

ard forms given in article 56.

EXERCISES
Perform the integrations indicated in each of the following after a

reduction by one or a combination of the methods explained in this

chapter.

L /V(3z5
+5)(3:r

5
-5) dx.

2.
f(2x*+x)*dx.

dx. (a is constant.)4. /J

K r a

5- /
6. ~(l+2x-'3xz

) dx.
J V x

7. /cos ax dx.

8. f ?* . (Substitute */=2s+5.)J V 2z+5

9. fx\/
r
x+Z dx. (Substitute y=3+3.)
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ar

10. f/dx.

11. 2 I o, ,
,

dx. (Differentiate the denominator.)

12.
I

xex dx. (Integrate by parts ;
let u= x, dv= e

x
dx.)

13.
J3^e^

x dx. (Integrate by parts.)

/dec-5-77:. (Use formula (XXII).)X ~"r~y

/2
dx 2

-^-
. (Separate into two fractions.)

16. /x loge x dx.

rxdx
I O2 O*

18. 2 y (Use formula (XXIV) .)

19. By the substitution x=a sin show that

f / 2 ^sin-^-Y (XXIII)

20. f ^ . 23. fxse<?2xdx.
J a^Va^S /

21.
4. r

r
'

J



Chapter XV

INTERPRETATION OF INTEGRALS BY MEANS
OF GRAPHS

63. Meaning of the Integral Sign. We have given the defini

tion of the integral sign I as simply indicating the reverse process

of the differentiation sign d. We shall now discuss more fully its

real significance.

If we take the differential of a variable x we get dx. If now
we integrate dx we again have x. That is,

Viewed simply as the reverse of differentiation, the integral sign
is only the symbol of a certain operation to be performed on dx,

and this operation is one which exactly nullifies or undoes the

operation indicated by the symbol d. From this viewpoint the

process of differentiation would also be simply an operation which
is indicated by the symbol d and which is exactly reversed by the

symbol / . In this way we should simply go back and forth or in

a circle and get nowhere.

We had a very clearly defined meaning for the symbol d,

however, and used it in the solution of problems before we had
even seen the integral sign. The quantity dx, the differential

of x, is the difference in the value of x produced by the varia

tion of the variable, the part of x added (or subtracted) in a proc
ess of increase (or decrease), and this part of x when divided by
the interval or portion of time dt, in which the change dx occurs,

186
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dx
gives us the rate of the change in x, . Viewed as mathemat-

dt

ical symbols we have found that many of the rules of algebra and
arithmetic can be applied to them and certain definite things can

be accomplished with them, but from the first, differentials in

themselves are simply differences, parts of the quantities to which

they refer.

If, then, dx is simply a part of x and by integrating the parts

we get the whole of x, what is the integral? It is nothing more
than the sum of all the parts dx. This explains the whole meaning

of the symbol / . It is simply an elongated 8 and when placed

before the symbol for differential of x or the differential of any
complicated expression, it simply indicates that all the differential

parts of some expression, represented by the given expression, are

to be summed up to find the total or integral quantity. Since sum
ming up is simply the reverse of taking parts, it is now easy to

see why it was so simple to learn to integrate by just reversing the

operation of differentiation.

Now that we have studied and practiced the simple methods

of integration, however, we should wish to know how to use them;
how to solve problems by the aid of integrals. Before we under

take the full interpretation of integrals of any form, let us get a

graphical picture of the simple integral / dxx.

For this purpose the first diagram in the book, Fig. 1, is

very suitable. Referring to Fig. 1, we recall that when distance is

measured from O toward the right, the distance PP7
is a part dx of

the total distance x, but x is not necessarily the total length of the

line, which may extend indefinitely toward the right or the left.

It is now clear at a glance that / dx is simply the sum of all suck

parts as dx and can be nothing else than the total length x as

measured from O to any chosen point on OX.
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The question now arises as to what the meaning is of such an

integral as / x2 dx. If we let the function x2 be represented by

y, that is, y-x
2

,
then what is the interpretation of / y dx? Or,

more generally, if y=f(x)j any function of x whatever, then

what is the meaning of the integral / f(x) dx or I y dx? This

question is answered in the next article.

64. The Area Under a Curve. We have seen in Chapter VII

that any equation -whatever, C=|P+5, t/=x
2

, y=sinx, or in

general t/=/(x), where f(x) is any function, can be plotted as a

curve. We have there found that some interesting properties of

curves, such as direction of the tangents, the highest points, the

lowest points, the rise and fall of the curve, etc., can be deter

mined by the aid of differentials. Such curves have also other

interesting and useful properties, such as their lengths, the areas

enclosed by them or included between the curve and the axes, etc.

For example, if the equation x2+t/
2=a2

, or 2/=Va
2 x2

,

is plotted, it will be found to give the curve of Fig. 25, which

is a circle with center at the origin O
and radiusOM= a. From elementary-

geometry or mensuration in arithme

tic, it is known that the length of

this curve is 2-zra where -K is an ab-

-X breviation or symbol for the number

3.14159-i ,
and that the total

area enclosed by the curve is -ra
2

.

Suppose it is desired to find the

area of the curve y=x
2

,
which is

plotted in Fig. 15; how shall we

proceed? First we must state what
we mean by the "area of the curve/' In the case of the circle,

which is a closed curve, the area is simply that inside the curve.
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In Fig, 15, however, we have no closed curve; it goes on indefi

nitely, rising higher and higher above the axis of x and opening

out farther and farthe** from the axis of y. To speak of the area

we must mark some limits such, for example, as a line through
the point P parallel to the x axis and cutting the y axis and the

other branch of the curve. Then we might refer to the "area

of the curve" as the area inside the lower bend of this curve below

this line, or the area below this line on one side of the y axis. Not
all curves, however, would be so shaped that such a line could be

drawn and so such a definition for the area would not always fit.

We might also draw a line through P parallel to the y axis and

cutting the x axis, and refer to the area enclosed by this line, the x

axis, and the curve. This line would be the ordinate of the point

P, the distance from the point to where this line cuts the x axis

would be the abscissa of P, and the area enclosed by the x axis,

the ordinate and the curve would be called "the area under the

curve." A little thought will make it clear that such a definition

would fit any curve plotted with reference to the usual coordinate

axes. Viewed in this manner, the area under the curve in Fig. 25

is the shaded area OMNO and the total area enclosed by the curve

is four times this area. In general we refer to the area under a

curve defined in this way rather than the "area of a curve" which

may be an entirely different sort .of thing for different curves.

Let us see now how we can formulate this area in a simple manner

which shall apply to any and all curves.

Let us consider the curve as having the equation y=f(x),

where f(x) may be any expression whatever which can be plotted,

and let Fig. 26 represent the curve. Then if M and N are two

points on the curve and AM and BN are their ordinates while P
is any point on the curve with the ordinate PQ=^, the area under

the curve will be the area ABNMA enclosed by the x axis, the

ordinates at A and B, and the curve. We have now to express

this area by a formula.

Since PQ=y is the ordinate of P, OQ=x is the abscissa, and
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if the length AB is divided into a number of equal parts, each will

beof a lengthequal to a certain part of x, namely, da?. LetQbeat

the center of one of these lengths CD and draw the vertical dotted

lines CE and DF to meet the horizontal line EF drawn through P.

Then the figure CDEF is a rectangle. Similarly, draw, or imagine

drawn, other verticals at the points which divide AB into the

FIG. 26.

lengths dx, and the horizontal tops of the rectangles to cut the

curve as EF cuts it at P.

The curve ordinate at C is slightly less than CE, and that

at D is slightly greater than DF. If CD=dx is made sufficiently

small, however, PQ=2/ is the average ordinate of that section of the

curve between the lines CE and DF and the area under this section
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of the curve will be equal to the area of the rectangle CPEF, which.

is equal to EC-CD, or PQ-CD. But PQ=y and CD=dx.
Therefore, the area of the small rectangle, which is equal to the

area under the small section of the curve lsy*dx. If we let A repre
sent the total area ABNMA, then that part of the area under the

section of the curve corresponding to the length dx is dA. There

fore,

dA=ydx. (76)

Now P is any point on the curve betweenM and N, and therefore

y represents any ordinate; also all the lengths dx are equal. This

expression therefore represents the area under any small section of

the curve betweenM and N and the total areaABNMA is the sum
of all such parts or differentials of the area as dA . But the sum of all

the parts dA of the area is simply / dA=A. By (76) therefore,

A= fydx. (77)

The integral I y dx about which our question was asked at the

end of the last article is now seen to be nothing more than the area

under a curve; y is any ordinate of the curve and is the function

f(x) found by solving the equation of the curve for y.

We can now interpret the integral / x*
1

dx; it is simply the area

under the curve of Fig. 15 between any two ordinates and if we take

the first ordinate at the point O where the curve touches the x

axis and the other at any point P on the curve where the ordinate

is y and the abscissa is x, then the function f(x) is x2
,
that is, the

equation of the curve is

y=3?

and Uie area under the curve corresponding to the abscissa x is

A= fydx= fx2 dx=~. (78)
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65. The Definite Integral. In the formula / dx=x, when it is

interpreted as the sum of all the parts of the length x along the

line OX in Fig. 1, there is no indication of the actual length of the

portion of OX represented by x. In order to give a definite value

to the integral let us examine a little more closely the interpreta

tion obtained in article 63. For this purpose, Fig. 1 is reproduced
below as Fig. 27. As before, x represents the length from to

any point P, and dx is the small addition PP'.

-#-2-

FIG. 27.

Suppose that we wish to know the length from the point A,
where x=2 units (centimeters, inches, feet, etc.), to the point B
where x=5. The length is, of course, 3 units, but how is this to

be expressed by means of the integral?

In order to answer this question, let us investigate the finding

of the length to be 3 in the ordinary way. If A and B are simply
two different points on OX whose distances from O are not known,
then we must measure AB. When we are told, however, that the

distance of A is 2 and that of B is 5 from the same point along
the same line, then we simply subtract OA=2 from OB=5 and

get at once AB=3. Now, the integral / dx=x gives the sum of

all the differentials from O up to any point where the distance is x.

If we specify then that x is equal to 2 then / dx= 2, and if we spec

ify that x is equal to 5 then / dx=5. Therefore to find the
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length AB we subtract the integral corresponding to x=2 from
the integral corresponding to x= 5. This may be expressed in

symbols in either of several different ways. Thus we might write

AB= / dx- f dx
/(for x~ 2)

or,

dx- f
5) /(for

= f dx- f
./(a!5) /(x-2

AB =

or, more simply,

AB= f
X

dx (79)
/Ce-2)

and either method of writing would mean the same thing, namely,
that the length AB is the difference between the values of the

integral corresponding to x= 5 and to x=2. The form (79) is the

more compact form and is the method generally used to indicate a

definite value of the integral. It is frequently even written as

1= f dx.

Jz
AB=

/
dx. (80)

Jz

Either of the forms (79) or (80) is allowable and both are stated

in words as "the integral from x=2 to x=5" of dx or as "the inte

gral between the limits 2 and 5." An integral taken between

definite limits is called a definite integral, and the range of the

values of the variable between the limits is called the range of

integration. In (79) or (80), 2 and 5 are called, respectively, the

lower and upper limits.

In order to find the numerical value of a definite integral we

must, as we saw in finding the length AB from Fig. 27, first inte

grate the expression in the usual way, then use the larger value of

the variable and find the value of the integrated expression, then

find its value for the smaller value of the variable, and
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subtract the second value from the first. This procedure would be

indicated as follows:

or,

or,

AB

AB

-5)

.- 2)

= f
~J2

dX~

= f = 5= -2=
~V2

5-2=3

=5-2=3

(81)

Any of these ways of writing out the process may be used; here

after we shall use the form (81).

As an example of the process of definite integration, let us

now consider the area under the curve of Fig. 15 as given by
formula (78) in the last article. Suppose that the two ordinates

are drawn, one at the point x=2 and one at the point x=4. The
area under the curve between these two lines, the x axis and the

curve is then the integral of y=x* between the limits x=2 and

x=4. According to formulas (77), (78), (81), therefore, it is

(82)

aaid finding the numerical value as explained above by putting in

the values of the limits,

3 3333
If x is in centimeters, inches, feet, etc., A is in square cm., in., ft.,

etc., respectively.

To find the area under the curve in Fig. 15 from to the
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ordinate at the point where x=2 we integrate from zero to 2 and

get

r
2

r^
3

T ^3
()

3 8

Also,

An c*** r*
3

f (4)3 (0)3 w
A"= I x2 dx=\'\ = = .

Jo 13 Jo 3 3 3

This shows plainly that the area between x=2 and x=4 is

64 8 9A A!* A'= = 18
3 3

3

so that here again we have an illustration of the meaning of the

definite integral between two values of the variable, namely, the

integral from the origin to the upper value minus the integral from

the origin to the lower value.

We can now express definitely and concisely the area under

any curve which is the graph of the equation.

y=f(x)

between the ordinates corresponding to the abscissas x=a and

x=6; it is

A= fydx, (83)

the definite integral of the function between the limits a and & In

Fig. 26 this ^represented by the area ABNMA and the abscissas

,
.

The limits a and 6 may have any values, zero, positive or

negative, if a is zero, then A is at Q and the area would be that

of the figure OBNGO, Kg. 26; if a=OA and b=o (infinity) the

area is the total area between the curve and the z-axis to the right
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of the ordinate at A. Similarly negative values of the limits would

give areas under the curve to the left of the #-axis.

If the limits are interchanged so that the original upper limit

becomes the lower limit and the original lower limit becomes the

upper, then instead of subtracting the value of the integral cor

responding to the lower limit from that corresponding to the upper
the process is reversed, and the reversal of subtraction order simply

means the change of algebraic sign. In order to interchange the

limits of a definite integral, therefore, we must place a minus sign

before the integral with the interchanged limits.

66. The Constant of Integration. In expressing the length of a

line or the area under a curve by the formulas

/L= I dx}
A = I ydx

it is of course understood that the constant of integration is to be

added. That is, correctly expressed,

L= / dx+C, A = I ydx+C.

Then, in equation (81) we should have for the length of AB,

r*

Jz

and C disappears by cancellation. That is, in the case of the definite

integral there is no added constant of integration.

This result appears again from equation (82) . Here the area is
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Thus in definite integration the integration constant is not written

after the value of the integral. To distinguish between the two

methods of integration,

/*

5-s+c,

5== [&==& <*,

r*
I

Jo,

the first is called the indefinite integral, the second being the definite

integral from a to b.

In some problems the value of the constant of indefinite inte

gration is determined by the data or the conditions of the prob
lem. Cases of this kind will appear in the illustrative examples
below and in the next chapter.

67. The Length of a Curve. In this article we shall consider a

matter which is more an application of integration than a part of

the interpretation of integration, but since it is an application to

the calculations of graphs we shall include it in the present chapter.

If a graph as plotted forms a loop or a closed curve, then, of

course, the total length of the curve is as definite as the area. If

the curve is not closed, but goes on indefinitely, then the length is

as indefinite as the area. By using the same method as in describ

ing the area, however, and stating definite limits between which

the length is to be measured, the length is perfectly definite for

ordinary graphs. We shall see now that it can be found by means

of a definite integral when the limits are specified. If the limits

are not specified, the length can still be expressed by means of an

integral, but it will in this case be an indefinite integral. It is

obvious that in either case, whether we can find a definite numeri

cal value or not, the length will be the integral sum of the differ

entials of length along the curve.

Let us refer back to Figs. 2 and 9. We saw there that the

differential of length d$ of a curve is the distance a moving point
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would pass over in the interval of time dt if the point should con

tinue to move in the direction in which it was mowing at the beginning

of the interval dt. The differential length, ds at any point on the

curve is measured instantaneously along the tangent at that point.

As the tangent changes its direction continually to follow Hie curve,

however, the sum of all the length differentials ds is the total length
s along the curve.

If, therefore, the differential ds is taken short enough, the

tangent will in that short length coincide with the curve and ds

can be represented as in Fig. 28. The curve MN represents the

graph of any equation y=f(x), and CP=# is the ordinate of any
point P on the curve having the abscissa OC=x. Then,
CD=PE=dz is the very small differential of x, and EP'=dy the

corresponding very small differential of y resulting from the passage
of the point P to the very near point P' over the very small differ

ential of curve length PP'=ds.
If we can get an expression for the differential length ds in

terns of x and y from the equation of the curve, then the length
of the curve will be the sum of all the parts ds, that is, the integral
of the formula for ds. If we specify two points such as M and N,
then the length MPN will be given by the definite integral from
z=OAtox=OB.

To find an expression for ds, we have from the small right

triangle PEP
7

,
PF2=PE2+EF2

or,

If we divide both sides of this equation by (dr)
2

,
we get

(ds)
2

(dyf

(dx)
2

(dx)
2

or,
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By taking the square root of both sides of this equation,

(84)

This is the desired formula fords. Now the total length is 5-/*

If in Fig. 28 OA=a and OB=&, then the length between the

two points M and N on the curve is

(86)

the constant C not appearing in the definite integral.
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The formulas (85) and (86) mean that, from the equation of

the curve

we are to find the derivative of y with respect to x
}

dx
' x"

and this expression is then to be squared and added to 1 under the

radical sign. The final expression is then to be integrated. If no
definite limit points are given, the formula (85) will give a general

formula for 5 involving the indefinite constant C. If limit points

on the curve are specified by giving their abscissas x= a and x =6,
then formula (86) will give the definite length of the curve between

these points.

As an example, let us use formula (86) to find the length of the

curve of Fig. 15 between the two points whose abscissas are #=0
and 2=4. The equation of the curve is 2/=x

2
. Hence

=2x and f ] =M
dx

and

(87)

Now we can write l+4x = 4#2+l = 4(3^+^) and since

| =(|)2 we get finally Vl+4x2=2Vx2
+(i)

2 and this in (87)

gives

*=2 /*

JQ
(88)

If, therefore, we can integrate V z2+(i)
2
dx, the length of

the specified portion of the curve is known as soon as the limits are

substituted in the result of the integration and s calculated.
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In problem 4, article 72, we shall find that

V+a2 dx= [xVx*+a2+a2
log* (x+*f-

and our integral in (88) is the same with a= f . Therefore (since

the 2 before the integral cancels the \ before the bracket in the

result)

5=2
/o

If, now, the calculation of the definite integral is carried out by
substituting the 4 and the for x in the bracketed expression and

carrying out the indicated squarings, root extractions and taking
of logarithms, and the two values subtracted, as described in

article 65, we get finally for the length between the given points

s=16.82

and the units are the same as those in which x, y are measured.

68. Remarks. Although we have discussed the meaning of

integration and defined the definite integral by reference to

graphs and while many useful applications of integration are

found in the study of graphs, it must not be supposed that the only
sums of differential parts which can be interpreted as integrals are

the sums of differentials of straight lines, curves or areas. Any
quantity which is susceptible of measurement may be expressed by
means of symbols and when a functional relation is once expressed

between any two such quantities we may differentiate or integrate

it. Since such a relation may always be plotted in a graph how

ever, we may take the graphical interpretation as correctly repre

senting the meaning of integration in general by means of a sum.

Thus there may be differentials of volume, mass, force, work,

velocity, length, angle, electric current, electromotive force,

simple number, value, etc., and we have already seen in Chapters

IV and IX that they may be used to solve problems involving the
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variation of such quantities. We shall also find, in Chapter XVII,

that when the nature of a problem is such that we can formulate

the relation between small parts of such quantities or between

their rates of change, the process of integration viewed as a sum

ming process will give us the relation between the quantities them

selves.

Integration in any connection is then to be viewed in its true

aspect as the summing of differentials, and the process considered

and first defined as anti-differentiation refers simply to the method

of performing the summation, that is, the mathematical operation.

The examples and exercises in this chapter will only have to do

with practice in the calculation of definite integrals as interpreted

in the preceding articles. The uses of definite integrals in solving

problems will be given in the next two chapters.

69. Illustrative Examples of Definite Integrals. In the solved

examples of this article, and in the unsolved exercises which

follow, it is to be remembered that the expression is to be inte

grated as given without regard to the limits, and the integrated

expression written out with the limits indicated and without the

integration constant. The value of the expression is then to be

calculated with the upper limit substituted for the variable, and

from this value is to be subtracted the value of the same expres

sion found by substituting the lower limit for the variable.

f
/ (3?-
J2

;= (z
4-8z

A^-Sa^+lfe) dx= fx5 dx-8 fx* dx+iQ f

1. Find the value of

Solution. (^-4)
2
a;= (z

4-

x dx
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81 63 32

2. Find tlie value of

Solution. By formula (XXIII), article 62,

r ^ r . ^MT . ^M . -i/<*/
2\

/
===== sin M-) ^sin M-)-sin M- 1

Ja A/a2-/ L WJs W \ a /

=sin~1 1-s

3. Find the value of/*/5
xdx

T

"i"

V+144

Solution. Using the method of substitution let s=
Then. dz=2x dx or x dx= f dz and hence

/* a;(fo r|(fe 1 C -% , l/z
H

/ .= / -^-7^=- / 2 }4
d2=fl-T7 Vx2+144 J V^ 2J 2\|

xdx

V+1M
= A/225-Vl69 = 15- 13= 2.

4. Find the value of / cos
A-
6
/*

C
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/
T *

cos 8 d&= [sin 0]i=sin sine26
= sin 90 -sin 30

/I0e
logio % dx-

.

Solution By formula (XXI), Chapter XIII,

/*! ; 1 ^I log&ZO==log&f -~
1

and in the present case the base 6= 10. Therefore

/
Oa

f /x\~]
l0e /We\ /e\

logio 3 dx= hr logio (
-
J

= 10s logio (
J

e Iog10 (
-
j

= lOe logio 10^ Iog10 1

= 10eXl-eXO= 106 =27.183.

6. Find the value of / x sin x dx.

2

Solution. By the next to last illustration in article 61

/ x sin x dx= sinxx cos x.

Therefore,

\ T
sin x dx= sin x x cos x

L J

rI XStt
xx

,. /. X T T\
= (sin icir cos IT) { sin cos - }

\ 2 2 2j
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=
(sin 180 -ir cos 180) -f sin 90 -- cos 90

J

EXERCISES

Find the numerical value of each of the foEowing definite integrals:

1. /%+!) dx. 11. *(+-) dx.

2. f\x+l)(x
z
-3)dx. 12. f %(e*-e-*) dx.

JQ ^o
T

3. / sino;cb. 13. / t&nxdx.
Jo JQ

/ioo

r\
logio x cfe. 14. JQ

5.

/
/0^3 /*

7 / ^fe.. 17. / a;

7io 3 JQ

-Sx2
) dx. 19. te* efc.

10. - f
r

cos6sw.8d$. 20. / e^si
*/o ^o



Chapter XVI

GRAPHICAL APPLICATIONS OF INTEGRATION

A. AREAS UNBER CURVES

70. Illustrative Problems. 1. Find the area of a circle of

radius a.

Solution 1. The equation of a circle of radius a and with its

center at the origin O, Fig. 29, is x2+y2=a2
) or

(a)

FIG. 29.

The area of the shaded section OAB in Fig. 29 is the area given

by the integral / y dx taken from x=Q to x= OA=o, where y is

given by equation (a), the equation of the curve. The shaded
206
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area Is one quadrant of the circle, and, therefore, the total area is

4 / ydx.

(b)

The integration of / Va2 x2 dx is carried out below in prob

lem 7; the result is
-|

xVa2-x2+a2 sin"1 ^1

-

=2[0+a
2 sin"1

l]-2[0+a
2 sin"1 0]

=2a2
sin-1 1 -2a2 sin-1

0.

Now, sin"1 1=90=- and sin"1 0=0, therefore,

which is the familiar formula for the area of a circle of radius a.

Solution 2. Let dr be the width of a very narrow ring (shown
dotted in Fig. 30), with center at the center of the circle and mid
dle at a distance r from the center. This is a part dA of the area

of the circle A and as in problem 3, article 21,

dA=2irrdr.
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The total area is the sum of all the parts dA, corresponding to

all values of r from zero to a, the radius of the circle. Therefore,

A=fdA=

r=0

rrdr=2Jfl
Jo L 2j

A = ?ra
2

.

FIG. 30.

2. Find the area under the curve whose equation is y
2
=4ax,

between the origin and the ordinate at x=a.

Solution. From the equation of the curve,

Therefore
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3. Find the area between the curve of problem 2 above, the

x axis, and the ordinate to any point whose coordinates are x, y.

Solution. The integral is the same as in problem 2 with the

upper limit x instead of a. Therefore by (a) of problem 2,

=2Va f
X

xH dx
Jo

(b)

From the equation of the curve y
2
=4:ax, we have, as above,

at the point P(#, y)

(c)

Now from (b) we have, A=
by (c),

, and, hence,

(d)

In Fig. 31, which gives the graph of the equation y
2
=4oa;, the

area of the rectangle OAPB is xy. According to the result (d),

IG. 31.

therefore, the corresponding area under the curve is two-thirds

that of the rectangle. This curve is called the parabola and the

result here obtained is one of many interesting properties which
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this curve possesses. We shall later investigate some of its other

properties (article 86).

4. Find the area of a sector of the curve x2 y
2~a2 included

between the curve, the x axis and a line drawn from the origin to a

point having the coordinates x, y.

Solution. That portion of the graph of this equation which is

included in the first coordinate quadrant is plotted in Fig. 32

FIG. 32.

as MN. P is the point (x, y), OA=z, AP=y, and OM=a is con

stant. OP is the line referred to and the shaded sector OMPO is

the area to be found. Let this area be denoted by u.

Now the integral formula for area,

ydx (a)

gives the area under the curve, that is, the area between the curve,

the x axis and the ordinate t/, which in Fig. 32 is the area MAPM.
The area u is the difference between this area and the area of the

right triangle AOP. But area AOP=|OA-AP=|^ There

fore area OMPO= area AOPA-area MAPM, that is,

A, (b)
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and A is to be calculated by the integral formula (a) above. We
proceed now to find A.

From the equation of the curve x2 ^=a2 we get

(c)

is the formula for the area A and we have to integrate

/ V#2 a2 dx. This integral cannot be handled directly, but by

a simple transformation it can be replaced by a form which we
have already integrated.

Now (Va?
2-a2

)(Va^-a
2
)=a^-a2 by definition of a square

root. Therefore V#2 a2= t and by dividing both terms,

a;
2 a2

in the numerator of the fraction this gives

and hence the integral becomes

/ I
x a

\&x,

f+r* i-i C ^^ 2 C &*
I Vxcrdx= I a2 I ,

J J V^a? J V^c (d)

Integrating / Vx2 a2 dx also by parts and in the formula

UdV=UV- A
letting
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we get

dU--
xdx

V=x.

x2 dx

x2 dx

Also by (d),

/.^
If we add these two equations the last terms cancel and we get_ ._ r dx

Vx^-a2 dr=xV^2-a2-a2

/ /J Vx a

. (e)

But f
X

\/x2-a?dx=A and Vxz
-a?=y. The equation (e),

*/a

therefore, is

dx

If now we substitute this value of A in equation (b) the

terms cancel and we get

= f
X

f

dX
(0U

%Ja Vx2-a2
'

Instead of the integral fVx2 -~a2 dx of equation (c) we now

have / and this is one of the forms we have already
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integrated. (See formula (XXIV), article 60.) It is equal to

(x+ v x2 a2). Using this in equation (f) the desired area is

a2 [ ,
- l

I loge (a?+Vz2-a2
) -loge a I,

and since the difference between two logarithms is the logarithm
of a quotient, this becomes

But v x2 a2 =j/. Therefore, we get finally for the required area u
in Fig. 32,

x+y
(g)

If in equation (e) we substitute the value of the integral on the

right side as given by formula (XXIV) and use either the plus or

minus sign under the square root sign we get the formula

f dx= (XXV)

which will be useful later.

5. Show by integration that tie area of a right triangle of

legs a, 6 is \db.
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Solution. Let the triangle be OAB in Fig. 33 and take OA as

x-axis with OY parallel to AB. Then OA=a?
AB=6

3
and at any

point P on the line OB let the coordinates be x, y. By similar

triangles we then have y : x :: 6 : a. Hence

6
-s
a

This is the equation of the line OB, since it gives the relation

between the coordinates for any point on it.

The area of the triangle OAB is the area under the line OB

from to the ordinate AB, that is A = / y dx.

Jo

& r &l~z
2T &f<*

2 2
1 b a2A- I xdx*=-\ =- --- =---.

aJo aL2j al_ 2 2J a 2

Hence

2
1 b a2

/. A= 06.

6. A small weight lying on a flat surface is attached to the
end of a string of a fixed length and the other end of the string is
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moved along a straight line at right angles to the original position,

of the string. Find the total area between the paths of the two
ends of the string.

Solution. Let a be the length of the string and, in Fig. 34,

let B be the original position of the weight and OB that of the

string. Then, as the end O is moved along the line OX, the

weight will slide along the curve BPN, constantly approaching OX.

When the end of the string has reached any position T on

OX the sliding weight will occupy the position P, and since PT
represents the momentary direction of motion of P (the direction

of tension in the string PT) then PT is the tangent to the curve

BPN at the point P. Therefore the angle PTO is the angle whose

tangent is the slope of the curve at P and hence

dy= -tan PTO,
dx

(a)

since the slope is negative. Now AP=y is the ordinate of P and

in the right triangle PTA, AT=Va2
-?/

2
. Therefore

tan PTO=AP/AT=2//(Va
2
-/),
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Hence by (a),

etc"

.'. y dx-= -Va2-^ dy. (b)

The area between the curve and the line OX is / ydx and

since at the beginning of the motion t/=OB=a and ultimately P
*=o

ydx. If we inter-

_ *

change the limits we reverse the sign of the integral, that is

/ y dx= / ydx. Substituting equation (b) in this formula
/a */Q

the required area is

The curve BPN" of Fig. 34 is called the tractrix and Fig. 34
shows only one branch of the complete curve, since the weight
may be originally taken on either side of the line OX and the

point may move either to the right or the left. The complete
curve is therefore a curve of four branches as shown in Fig. 35.

The total area enclosed by the four branches of the tractrix

is four times the area under one branch as given by formula (c).

This total area is

V<?-y*dy. (d)

Since this formula is the same as formula (b) of Problem 1 above,
the total area of the tractrix is the same as that of the circle of

radius a, namely, that given by the formula
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when the length of the generating string is the same as the radius

of the circle.

The area of the tractrix was first found by Sir Isaac Newton,
inventor of the calculus, and it is said to be the first curve whose

area was found by integration.

Y

Y r

FIG. 35.

Note. We have thus far used integrals to find areas. In the

following problem we reverse the process and use an area to find

the value of an integral.

7. Find the integral / Vo2 x* dx by means of the graph of

the equation y=Va2 x2 or x2+y*= a2.

Solution. The graph of the equation x2+^2=a2
is the circle

with center at and radius equal to a. One fourth of the curve

is drawn in Fig. 36 as the curve MPB. If P represents any point

on the curve with coordinates x, y, then, in the right triangle OAP?

(a)
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and the given integral / y dx is the area under the curve from O to

A, that is, the area OAPBd If we let A represent this area, then

and

fydx= fVa2-v*dx (b)

A =area OAPBO= (OAPO)+(OPBO). (c)

Y

Now, (OAPO) is the right triangle of base OA=z and altitude

AP=|/ and the area is f (baseX altitude). Hence

zt/. (d)

Also, (OPBO) is the area of a circular sector of radius OP=a and

central angle POB= <. By equation (29), article 23, the arc

PB= o*?
and the area is | (radiusX arc) . Hence,

a2<. (e)

Using (d) and (e) in (c), the desired area is,

'*) ffi

In the right triangle GAP, angle APO= angle POB=<k and
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sin <=OA/OP=/a, or <^
= sin"~

1
(x/a). Using this value of $

and the value of y given by (a), in the formula (f) we get

and since this is the area expressed by formula (b) it is the value

of the given integral.

If some other ordinate instead of OB were used as the initial

ordinate or starting point, the value of x would be the same, OA,
but a constant area C not depending on x would have to be added
to A as given by (g). This is the integration constant which

must be added to the value of the integral as given by (g). Writing
the complete integral, with this constant understood as being

added, we have finally as the result of the integration, by (b)

and (g),

(XXVI)

71. Problems for Solution. Find the area under the graph of

each of the following equations between the ordinates correspond

ing to the two values of x given in parentheses for each:

2. y=smx (z=0, 180)
3. ^ = 4(x

2 -a:4
) (s=0, 1)

4. y=/3? (3-1,3)

5. 2/
= e~4 (z=0, 4)

__x_

6. y= e 4+sina; (x=0, x)

7* A straight road crosses a narrow river at two points half a mile

apart and the bend of the river takes such a course between the crossings

that at any point on the river bank the distance to the nearest point on

the road is equal to the distance of that point on the road from the first

crossing minus twice the square of that distance. Wnat is the value of

the land between the road and the river at fifty dollars an acre?

(Hint: Take the road as OX and the first crossing as 0. One square

mile is 640 acres.)
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8. Plot the graph of the equation y=loge xf
find where It crosses the

a>axis, and fine! the area under the curve between this point and the ordi-

nate corresponding to the abscissa z=e.

9. The equation of the circle x2+y2=a* can be written as
-5+^=1

and the area xa2 as xa-a. The graph of the equation is shown in Fig.
a? t/

2

37(a). In Fig. 37(b) is shown the graph of the equation ^-f^= 1, which

is called an ellipse. Show by integration as in Problem 1 of the preceding

article that the area of this curve is ira*b.

Y
" Y

FIG. 37.

10. The graph of the equation 2/=8a
3
/(a^+4a

2
), in which a is constant,

was discovered by an Italian woman mathematician, Maria Agnesi2
and

is called the "witch." It is symmetrical with respect to the OY axis as a

center line and extends to infinity in each direction along OX. Show
that the area between the curve and the X axis is equal to the surface

area of a sphere of radius a.

11. Using a convenient scale length to represent the constant a plot

the "witch" of Problem 10 and the curve a?4ay, or y=x2
/4a (a parabola)

on the same axes, and find the area enclosed between the two graphs.

(The value of a; to be used as integration limit is found by solving the

equations of the two curves simultaneously for x, eliminating y.)

12. A square is formed by the coordmate axes and the two lines parallel

to the axes through the point (1, 1). Find the ratio of the larger to the

smaller of the two areas into which the square is divided by each of the

following curves, each of which passes through the point (1, 1) and the

origin O:

(a) y=s. (W tf=a* (c) y=o*. (d) y=x*.
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B. LENGTHS OF CURVES

72. Illustrative Problems. 1. Find by integration the circum

ference of a circle of radius a.

Solution. This is the curve of Figs. 29 and 37a and the equa
tion gives _

y=Va2 -~x2 . (a)

C* I idy\
2

The length of one quadrant is I \/l+( )
dx and the circum-

Jo
* \dx/

ference is, therefore,

-*{^*
From equation (a),

dy _ x

dx~~~Va2 -x*'

Hence,

fdy\
2

_ x2 a2

1+W =1+^I^
==

^^^
and, therefore, by (b),

i^ d>x

c=4a / rs 2-
Jo Va2-x2

r cfe
T
/^\

By integral formula (XXIII), / > =sin x
I
-

).
Hence

J va2 x2 \a/

C=4a[sin"-
1

( -^1 =4a| sin^"
1

(
-Vsin-1

(-jl
L \a/Jo L \a/ \a/J

=4a(sin~
1
1 sin^1 0).

However, sin""
1
1= 90 = !^ radians and sin"1 0=0. Therefore,

Cr

=4a(i7r)=27ra. (a)

which is the familiar formula for the circumference of a circle of

radius a.
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Solution 2. If a radius is drawn to any point P on the curve

in Fig. 29 making a small angle AOP=0, then from equation (29),

article 23, ds=a dB. The length of the quadrant APB is then

0- ZAOB /*0=9Q

3

But a is constant and 90 =-. Therefore
2

=4a[0]*=4a|
--0 1C=4a

/o

/. C=27ra (b)

which is the same as the result (a).

2. Find the formula for the length of the graph of the equation

ay
2=x3 from the origin to any point on the curve.

Solution. From the equation, y=* = ^^ a Va

Any point P on the curve is designated by the coordinates

x, y and at the origin x, y=0. Therefore, using the result (a) in

the length integral formula,

8SS r 3 (x
**

Jo 2Vox 9
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/ 4a\
Now, d( x+ }=dx and the length formula becomes

in which the integral is of the form / u^ du -with

Hence,
4c\

(f)

.-(

Since the f power is the same as the square root of the cube this

becomes

1 f / 4a\3 /4a\
3
]

vtWI+
T) -V(T) J-

Reducing and simplifying this expression we have finally for

the length of the section OP of the curve (origin to any point P)

__8a

""27*

This curve is called the semi-cubical parabola and is historically

interesting as the first curve beside the circle whose length was
determined. This was accomplished by William Neil in 1660

without the aid of the calculus.
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3. A certain curve is such that when 6 is an angle which varies

from to 360, the coordinates of a point on the curve are given by

x=a(0 sin$) (a)

y=a(l cos0). (b)

Find the length of the curve.

Solution. The length is given by the formula

T^te (c)

and in order to find $ we must find dy and dx from equations (a)

and (b) and substitute in the derivative dy/dx in equation (c).

From (b),

(d)

aaad from (a),

dx=za-d(e sin 0) =a[d0d(sin ^)]

=a(d8-~cosddff).

/. dx= a(l cos 0) d0. (e)

Dividing (d) by (e),

dy

If now we substitute (e) and (f) in the length formula (c),
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and this expression is to be reduced and integrated. Then,

I /sing
^ U-COS

\2

COS0/

sin
2

f(l~cos0)
2
+sin

2

(1 COS 4

. 2 cos 0+cos
2
0+sin

2

(1-COS0)
2

"

In this, cos
2
0+sin

2
0=1, which allows us to take out 2 as a factor

in the numerator. Doing this, and taking the square root7 the

l--cos
expression becomes v 2-. Substituting this in (g), the

factor (1 cos 0) cancels and we have

$== /aViVl

Since varies from zero to 360 we have finally

(h)

In order to integrate I V 1 cos0d0 we use the following

relation from trigonometry : 1 cos 6= 2 sin
2
(f0) . Hence

VI cos =V5 sin (|0) and formula (h) becomes

r sin (|0)

Now, d(|0) or de= Therefore

rosin
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Integrating,

[A*r.

r 0-1360* r 360 01

-4o|
cos -I =

-4a^cos
cos

-J

== -4a(cos 180 -cos 0) = -4a(-l-l)

-4a(-2)

/. s=8a.

This curve is shown in Fig. 38 and is called the cycloid. It

is the path of a point on the circumference of a circle of radius a

FIG. 38.

which rolls along a straight line. If the circle rolls round the out

side of a larger circle the path of the point is called an epicycloid,

and if it rolls round the inside of the larger circle the path is a

hypocycloid. These three related curves are used in designing

gear teeth for the least wear and greatest strength and also in

designing the pendulum suspension for very accurate clocks.

4. Find the length of the path of the sliding weight in Prob

lem 6, article 70, from its original position to any point on the path.
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Solution,. ID. Fig. 39, as in Fig. 34, OB=PT=a and AP=f.
Also PP'=ds is a differential of length of the path, PQ=%, and

if PP' is very small PQP' is a right triangle and in the two similar

right triangles PQP7 and PAT, PQ : PP7
:: AP : FT, or

-dy y

ds a
, dyds=a ,

V
(a)

dy being negative because y decreases from AP to AT' as x in

creases from OA to OA'.

At the beginning t/=OB=a, and the length is to be measured

from B to the point P where AP=y. Hence, the length is

s= / efo= / ds,
Ja Jit

and, therefore, using (a),

/dy
f T

=a loge y =a(loge a-
, y L J y



228 CALCULUS FOB THE PRACTICAL HAN [Asr. 72J

This curve is representative of cases in which the expression

for y dx in the area formula and the expression for ds in the length

formula are found from the curve by geometrical methods with

out having to find y or dy/dx from the equation of the curve. This

is due to the fact that the manner of constructing the curve is

described. From this same description the equation of the curve

could be found and then the values of y and dy/dx used in the usual

manner would give the same results for length and area as we have

obtained here and in Problem 6, article 70.

5. Find the length of the logarithmic curve of Problem 8>

article 71, above the OX axis to any point whose abscissa is x.

Solution. The equation is t/=loge x3
hence dy/dx=l/x, and

and since the curve crosses the x axis at x== 1 we have finally

../I-Ji x

Then, by parts,

/-;*s X

therefore,

Substituting the limits, subtracting and simplifying, we get finally;

which is the formula for the length of the logarithmic curve above
the x axis to any point whose abscissa is x,



*. 72] GRAPHICAL APPLICATIONS OF INTEGRATION 229

Note. We add here a problem which, while not an applica

tion of the length integral, is still a graphical application of inte

gration.

In article 35 we learned that, if the equation of a curve is given,

we can find its slope formula by differentiating the equation.

Now,, since integration is in one sense the reverse of differentiation,

we can reverse this process and find the equation which gives the

whole curve if we know a formula giving its slope at one point.

The next problem is an illustration of this process and also an

example of the meaning of the constant of integration.

6. The slope of a certain curve at a certain point is the recipro

cal of twice the ordinate at that point, and the curve passes through

the point whose coordinates are (4, 3). Find the equation of the

curve.

Solution. The ordinate of any point is y and the slope at that

point is dy/dx. But we are given the slope as
; hence,

2y

dy 1
= and 2ydydx.

dx 2y

Integrating,

2 / y dy= f dx
J J
:. y*~x+C. (a)

This is a relation between the coordinates x} y of any point on

the curve and is, therefore, the equation of the curve, but since

C is unknown we do not know the full equation. This means

that (a) may represent any one of a number of curves, each of

which corresponds to a particular value of the constant (7. We

know, however, that the curve whose equation we wish to find

passes through the point at which x =4, #=3, and therefore these

values of x, y must satisfy the equation (a) for that one curve

through this point.
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Substitution of these values in the equation (a) gives

9= 5+<7.

/. C=4,

and this value of C in (a) gives finally the complete equation of

the particular curve,

Thus by specifying a condition which the integral (a) must

satisfy the value of the integration constant can be found. This

is the case in general.

73. Problems for Solution. Find the length of the graph of

each of the following equations between the two points whose

abscissas are given in parentheses:

2. #*=4z z2 (z=Q, 1).

3. i^rsx
3

(2=0, f).

4. y= log* (sec x) \x
=

0,
-
J

.

5. Show by integration that the square of the hypotenuse of a right

triangle equals the sum of the squares of the legs. (Suggestion: Use

Fig. 33.)

6. Derive the integral formula for the length of the bend of the river

in Problem 7, article 71, and calculate the length.

7. The slope of the tangent to a certain curve at any point x, y is

(4/9) (z/2/) an<* the curve passes through the point (3,2). Show that

its equation is x2/18+2/
2/8=l and by comparison with Problem 9, article

71, determine the nature of the curve.

8. By using the result of Problem 9, article 71, or by direct integra

tion, find the area of the figure of Problem 7 above.

9. In Problem 3 of article 72, solve equation (b) for 1 cos 6, and also

for cos 0, and from this value of cos 9 find sin B by trigonometric formula.

Substitute these values in formula (f) and so express dy/dx in terms of y.
/*2o

Then use the length integral formula s=2J '\/l-+(dx/dyf dy to find

the length of one arch of the cycloid of that problem.
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10. The form of the curve of a obtain or telephone wire hanging between

f - ~-\
two points of support (poles) is given by the equation y=%a\e

a+e a
),

where a is the height of the lowest point above the x axis. The length
of wire or chain from the lowest point to any point which is at a horizontal

distance x from the lowest point is given by the formula / ds. Calculate
/o

this length by integration. (This curve is called the catenary.)



Chapter XVII

USE OF INTEGRALS IN SOLVING PROBLEMS

74. Introduction. The preceding chapter contains illustrations

of the use of integrals in connection with graphs, having to do

mainly with areas and lengths of curves. In many technical and
scientific problems involving graphs, the area, the length or the

slope of a curve is of great importance. Even though we may
not have to do with graphs directly, however, the interpretation

of an integral as a sum is of the greatest importance, as has been

stated in article 68. In the following articles are given a number
of problems which involve definite integrals and illustrate the truth

of this statement. There are others which make use of integration

simply as the reverse of differentiation and involve the constant of

the indefinite integral.

In these problems, use will be made of the formulas of article

56 and also of several formulas derived in the solutions of examples
and problems in the preceding articles. For convenience of refer

ence, these latter are collected and listed here.
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(XXVI) / Va2-x2
<fa=]

75. Population Increase. The normal increase of population

at any time is proportional to the population at that time. I/ the

population of a country at a certain time and its increase in a certain

period are known, derive a formula l>y means of which the population

can be calculated in advance for any time thereafter (barring immigra
tion and national calamities).

Solution. Let P represent the population at any time t; then

the rate of increase at that time is dP/dt. For one quantity to

be proportional to a second quantity it must be equal to the second

multiplied by a constant. If, therefore, dP/dt is proportional to P,

dp TT,=kP (a)
dt

where k is the proportionality constant. Transforming (a),

dP
'_== /c (MI.

P
Integrating,

/dPT-
:. Ioge P=kt+C. (b)

In order to obtain the final computing formula the value of C
must be determined. Now at the time which we take as the

starting time the elapsed time is zero, that is, t=Q, and at that

time the population is known: let it be PQ. These two values of

P and t in (b) give

loge Po=0+C.

.-. C=logeP ,
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and this value of C in (b) gives

Transposing,

or,

Comparing this result with formulas (53), article 44, we see that

/. P=P e
kt

. (c)

This is the desired formula. In order to use it, however, the value

of k must be known.

In order to determine k consider the population at the time

when the increase in a certain period is known, as 100% or 1, and

use this value (D in equation (a). With P= 1 this gives dP/dt=k,

or,

This means that k is the rate of increase when P is 1 or 100%, that

is, k is the fraction or percentage of P added in the unit period of

time. If the time unit is the year, then k is the fractional or per

centage increase per year expressed as the fraction or percentage

of the population existing at the beginning of the year. Accord

ing to the statement of the given problem, therefore, PO and k are

known quantities.

By means of formula (c), therefore, the population P can be

calculated at any time t years from any chosen starting time. If

immigration, war, fatal epidemics, etc., are considered, the formula

is modified but can be obtained in the same general way,

Such formulas as (c) are used in connection with the census

and for taxation and parliamentary representation, etc. The
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same kind of formula also holds good in many other natural

processes of growth and decay. (See the following chapter and
also certain other problems in this chapter.)

76. The Laws of Falling Bodies. An object is allowed to fall

freely toward the earth. It is required to find its velocity and its

distance from the starting point at any instant thereafter when the

effect of air resistance is disregarded.

Solution. When the object or body is released without being

thrown, no force acts on it except that of gravitation, and as this

force acts constantly, the body is steadily accelerated, so that in

each second its velocity increases 32.16 feet per second. This

acceleration is called the acceleration of gravity and denoted by
the letter g. Hence g=32.16 (ft./sec.) per second.

Now we have found in Chapter VI that when s is space or

d2s
distance and t is time, then - is acceleration. Hence, in the

d2,
*

present case we have r^, and g is a constant. This can be
dt

written as
d /ds

gdt.

Integrating,

Sds\
A di }=

*

.: = gt+C. (a)
at

Now ds/dt is velocity, denoted by v. Therefore

(b)

In order to determine C we again, as in the preceding problem,

make use of the starting or initial conditions. At the instant when



236 CALCULUS FOR THE PRACTICAL MAN [Aar. 761

the object is released no time has elapsed and it has no velocity.

That is, 2=0 and t?=0. Using these values in (b) we find C=0
and therefore

v=gt (c)

is the velocity in feet per second at any time t seconds after the

instant of release.

In order to find the distance s through which the body has

fallen at any time t, consider equation (a). Since we found that

C is zero this equation becomes ds/dt=gt. Hence,

ds*=gt dL
Integrating,

jds=g jtdt

.% *=%g?+C', (d)

and Cr
is to be determined.

Again making use of the initial conditions when t is zero so

also is the distance $, Putting =Q, s=Q in (d) we find that

Cf
is zero and therefore (d) becomes

*=$g?. (e)

From this result we find by solving for t that

t= "

g

is the time in seconds required for the body to fall through a

height s in feet. Thus (disregarding air resistance, which is small

for small objects at moderate velocities) if a stone is dropped from

the top of the Washington Monument, which is 550 feet high,

s=550 and the time required for it to reach the ground is

*=JA/550= 5.86 sec.

According to formula (c) 3 it will, when it reaches the ground, have
a velocity of about

0=32.2X5.86=189 ft./sea,
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or, since 88 ft. per sec. =1 mile per min.,

Suppose, now, that instead of being allowed to fall freely, the

object is thrown or shot straight downward with a velocity V.

After it starts gravity alone acts on it and we again have equation

(b). Now however, when =0, v=V and (b) gives C=F3
and

instead of (c) we get from (b),

v=gt+V. (f)

Equation (a) in this case becomes

ds__

dt

/. ds^gtdt+VdL
Integrating,

fds=g ftdt+V fdt.

We still have however, when =0, s=Q, and these values in the

last equation give C"=0 and therefore

Since 0=32.16, \g= 16.08 or about 16 and the last formula becomes

=16#+7t (g)

According to this formula, if the stone were thrown downward
from the top of the Washington Monument at a velocity of, say,

20 feet per second, we have s=550
3
F=20 and hence

550=16^+202,
or,

8^+10^-275=0
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and in order to find the time required for the stone to reach, the

ground this equation must be solved for L

This is a quadratic equation and according to algebra the

solution is

-10V(10)2
-4X8(-275) -10V89QO 10 /== =

( li v 89)
2X8 16 16

=f(-lrfc9.434)=5.27; -6.52;

and since the negative value has no physical meaning, the time

required is about

=5.3 sec.

as compared with 5.9 seconds for the free fall. By throwing it

with a greater initial velocity, that is, making V greater in equa
tion (g), the time would be still less.

When thrown with the initial velocity y=20 and falling for

a time 2=5.3 equation (f) gives for the final velocity

0= (32.2X5.3)4-20=191 ft./sec.

as compared with 189 for the free fall.

By application of the principles and methods of this problem
information is obtained concerning bodies falling to the earth

from outer space (meteors).

77. Path and Range of Projectiles. A body is projected from
the earth's surface with a known velocity and direction. It is required

to find its path, time of flight, height reached, and distance travelled.

Solution. Let the initial velocity be V feet per second and let

the initial direction make an angle a with the earth's surface,

supposed horizontal and plane, and disregard the effect of air

resistance. The projectile will rise for a time, reach a height H,
and then begin to fall, and after a certain "time of flight" (T)

strike the earth at a distance R (the "range") from the starting

point. The path will then be something like that shown in Fig. 40,

and in order to find the path, height, and range we must derive
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the equation of the curve OPA and calculate the distances PF and

OA.
If there were no forces acting on the projectile after it leaves

the point 0, it would go on in the straight line OB forever, but it

is acted on by gravity and like the failing bodies already discussed

it falls steadily so that it passes through P instead of B, having in

effect fallen through the distance BP by the time it reaches P.

FIG. 4a

Now the original velocity V can be considered as made up of

two component velocities, vx in the horizontal or OX direction and

vy in the vertically upward direction OY. If there were a force

acting on the object in the horizontal direction there would be an

acceleration in this direction, but as there is no horizontal force

the horizontal acceleration, dvx/dt} is zero. That is,

dt
(a)
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There is, however, a vertical acceleration. It is the acceleration

of gravity g and it causes the falling discussed above. But this

acceleration is downward while the original vertical velocity is

upward. Therefore, the vertical acceleration, since it tends to

decrease %, is negative and equal to g. Hence,

From these two equations, (a), (b), we get

dvy= 0, dvy
= g dt.

Integrating,

fe
= CV vv=-gt+C'. (c)

Now from the figure, at the instant of projection when the

total velocity is V in the direction shown, the ^-component is

OD= V cos a, and the ^-component is OE= V sin a. That is, at

the initial moment, when 2=0, vx= Vcosa and vy=Vsm<x.

Substituting these three values of t, vx> % in equations (c) we find

for the integration constants

C=7cosa, C'

.*. vx= V cos a, vy
= gt+V sin a (d)

at any time t after the instant of projection. It is to be noted that

the horizontal velocity remains constant while the vertical velocity

changes with the time.

Now velocity is the time rate of distance in the direction of

the velocity. Hence vx=dx/dt and vy=dy/dtf
and equations (d)

become
dx dy=7 cos a,

== gt+V sin a.}

dt dt

/. dx=Vcosadt, dy=gtdt+V si&adt.
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Integrating these and remembering that F, a, and g are constants,

we get

To find Ci and 0% we make use of the conditions that when t=Q
both x and y are zero (the projectile being then at O). These

values substituted in the last equations give us zero for both the

integration constants and therefore the equations become

x=Vcosa-t, y=* ^gt
2+Vsma-L (e)

These give the horizontal distance x and the vertical height y of

the projectile at any time t after the instant of projection.

In order to find the equation of the path we must find an equa
tion giving the relation between x and y which shall apply for aH

values of x and y. To do this we must combine the two equations

(e) into one equation containing x and y and the constants V and

a. but not containing L That is, as we say in algebra, we must

eliminate t from the equations (e). To do this we solve the first

for t getting

and aibstitute this value in the second equation (e), obtaining

g/ x \ 2 / x \
y^JU- ) +Vsma(- )

2\F cos a) \V cos a/

g x? sin a*x

2 V2
cos

2 a - cos a

2V2
cos

2 a



242 CALCULUS FOR THE PRACTICAL HAN [Asr. 77]

This is the equation of the path OPA of the projectile, Fig. 40.

This curve is called a parabola and is of the general shape shown.

If 7 and a are changed the height PF and distance OA change also

so that the curve becomes flatter or steeper, but it retains the

same characteristic form.

In order to find the range, OA, we notice that at O and at A,

when the projectile is at the surface, the value of y is zero.
^If,

therefore, we put y=Q, in equation (g), we shall have an equation

containing only the unknown x and when y=Q at O, x is also

zero, but when t/=0 at A then x= R, where OA=E is the range.

When |/
= equation (g) gives,

and either z=0 or tan a
""( 272 cos

2 a/
=Q>

As just shown, the first solution applies at 0, the second at A-

From the second we get,

/ b=tana
\272

cos
2 at

and
272 272 sin a

x cos
2 a-tana= cos a .

n g COS a.

272

/. x= sin a cos a (h)

jR= sin a cos a.

Q
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Since 2 sin a cos a= sin (2a), this last equation can be written,

V2

R= sin2a. (i')

g

Either (i) or (i') gives the range for any initial velocity F and

angle of projection a. In gunnery V is called the "muzzle

velocity" and a the "elevation."

To find the time of flight, the time required for the projectile

to reach A, we put the value of x given by (h), in equation (f).

Then,
2F2

sin a cos a
t= .

g V cos a

2V
.'. T= sin a. Q)

g

So far, V and a are constant. Suppose, now, that with a

fixed muzzle velocity F (determined by the gun and powder

charge) it is desired to find the elevation which gives a maximum

range, that is, the best value of a. In this case F is constant and

a is variable, and in equation (i') we are to find the value of a

which makes R a maximum. According to Chapter VIII this

means that dR/da= 0. Differentiating (i') ,

dR 2F2

eos2a,
da g

and for this to be zero, we must have, since 2V2/g is not zero*

cos2a=0, /. 2a=90
and ,,-0a=45

is the elevation which gives the maximum range. Using this

value in (i') we get for the maximum range,

F2

= (W
a

and since g is constant the maximum range is proportional to

the square of the muzzle velocity. At an elevation of 45, therefore,
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if the muzzle velocity should be doubled the maximum range

would theoretically be multiplied four times. Of course the

greatest muzzle velocities attainable, consistent with the safety

of the gun, are used.

To find the height to which the projectile rises, we have in

Fig. 40, OF=iO^ an(i? therefore, at F the abscissa is half that

given by equation (h). Therefore, at F, x=(V2
/g) sin a cos a.

Substituting this value of x in (g) we find that at F,

iV2 .
\

( g \/
y= tan cA sin a cos a I I

--
SI

\g / \2V2
cos

2
a/\g

V2
sin a V2

sin
2

a. cos
2 a

= sin a cos a.
------

.

g cos a 2g cos" a

_ y2 y2
/. PF= sin

2 a-- sin
2
a,

9 20

H=^ S^a.
20

When a=45, sin
2
o=(l/V2)

2= ^ and the height corresponding

to the maximum range is from the last formula,

72
Hm -.

4g

Comparing this with the formula (k) for the maximum range, It is

seen that,

Hm= 4J?m . (1)

In the preceding pages we have not considered the resistance

of the air nor the curvature and rotation of the earth. In actual

gunnery, however, these must be considered and require modifica

tions to be made in the formulas.

Supposing, however, for the sake of practice in using the

formulas, that the earth is approximately flat for a distance of

72 miles and that in very long range firing the projectile goes to

such a height that over most of its path the air resistance is small,
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It Is interesting to apply our results to the case of the long range

gun which bombarded Paris during the First World War at a range
of 72 miles.

It may be assumed that 72 miles was the maximum range or

the gun would have been even farther away. Then Rm=72 miles

and by formula (1) the shell rose to a height of about

ffm=i(72) = 18 miles.

Now, 72 miles=380,000 feet and 0=32 (ft./sec.) per sec. Hence,

by formula (k), 380,000=72
/32, or 72=32X380;

000 and hence

7=3490 ft./sec.
= .661 mi/sec.

was the muzzle velocity of the shell.

Assuming a=45 when the range is a maximum, formula (J)

gives for the time of flight

and in the present case

T=.044X3490=154 sec. = 2| min.

Of course the actual values of height, muzzle velocity and time

of flight were greater than the values we have obtained on account

of the air resistance to be overcome.

This article is long but the subject is of such interest and the

problem gives applications of the calculus which are of such beauty
that it has been discussed at some length. In actual gunnery,

or ballistics, however, many other considerations enter in addition

to those entering here and the so-called "parabolic theory" is

only used as a theoretical basis.

78. Length of Belting or Paper in a Rott. A spiral line begins

at a distance a from a center point and ends at a distance 6, the dis

tance between turns being c. Find the total length of the line.

Solution. In Fig. 41, is the center, A is the beginning of the

spiral, B the end, OA=a, OB= b and AC'=c. If we think of any

particular turn at a distance OC' from the center, then in going

from A once around and to C7
the angle BOP=0 increases through
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360 = 2T radians, and the radial increase along OB is c. In

turning through any small angle dd therefore the radial increase

FIG. 41.

is dr (where r is the radial distance), and we have the proportion

dd : 2ir::dr : c, or

FIG. 42.

Consider, now, any layer or turn at any distance OC=r from
the center and in order to obtain a formula for the differential of

length ds=CP corresponding to the small angle d6, Fig. 41, let
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us exaggerate somewhat the inclination of the layer or turn to the

line OB, as in Fig. 42. Draw the arc CQ with as center and

OC as radius. Then OQ=OC=r and QP=dr, the increase in r

due to the radial line OP turning through the small angle dd, and

according to equation (29), article 23, the arc CQ=r d6,

If now d& is very small, so also are r ddj dr and ds, and since the

angle CQP is a right angle, we may consider CQ and CP as straight

and the triangle CQP as a right triangle. Then CP=PQ2+QC2
,

or

Dividing this by (dr)
2

Taking the square root,

d̂r

This gives the differential of length in terms of dr and as the

spiral continues, r changes from OA to OB in Fig. 41. The total

/"OB

length is, therefore, s= I ds. Hence,

This is the desired formula for the length but it cannot be inte

grated until we know dd/dr. But this is given by equation (a),

therefore,

(c)
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/
/27T\

2 2r //c\
2

By algebra A/l+r
2

! I
=

\/( 1 H-r
2 and if we write

* \c/ c ^\2x/

A=i (d)

then equation (c) becomes

1 /

S

~kJ

and / V r
2+i2

dr is the same form as / V a;
2+o2

da; in formxila

(XXV). Therefore,

Substituting the values 6 and a, subtracting, and simplifying, this

becomes finally,

(e)

This formula is somewhat complicated and looks even more com

plicated than it is. A very closely approximate formula can be

obtained from it, however, which is much simpler.

Since by (d) k=c/2ir, then if we are considering leather belting

|- inch thick wound on a wooden spool 4 inches in diameter, c=--,

a=|(4)=2, ^=^=-^ = .0199 and ^=.000395, while a2=4
2ir IOTT

and of course 6
2
, the square of the outer diameter of the roll, is

greater. Therefore, under the square root signs we may disre

gard A2 in comparison with a2 and 6
2
in any ordinary spiral roll,

and write Va2+^2 =V?=a and
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Formula (e) then becomes

or,

(f)

This can again be simplified. If & is not very large in com

parison with a then b/a is a small number and loge (b/a) is very

small. Also, as we saw above, if c=|-, fc
2= ,OQ04 and if c is very

small, as in the case of paper in rolls, then fc
2

is almost zero and

k2 loge (b/a) may be disregarded. Formula (f) then reduces to

s=(b
2 a2)/2k, and putting in the value of k from (d), we get

finally,

s=-(b
2-a2

). (g)
c

As an illustration of the use of this formula let us calculate

the length of leather belting -J-
inch thick which is wound tightly

on a spool or roller 4 inches in diameter to make a roll 2 feet in

diameter. In this case a=2, Z>=12, c=-- inches and

/. s= 3530 inches= 294 feet.

If paper .005 inch thick is wound on a cardboard tube 1^
inches in diameter to make a roll 5 inches in diameter, we have

a=.75, 6=2.5, c=.005 inches, and the calculation gives

$=3574 inches=298 feet.

79. Charge and Discharge of an Electric Condenser. A known

voltage is applied to a condenser of known capacity in series with a
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known resistance. What is the charge in the condenser at any time

after the voltage is applied or withdrawn?

Solution. Let E be the applied voltage, C the condenser

capacity and R the series resistance, and let q be the charge at

any time t after the charge begins.

The total voltage is consumed in forcing current through the

resistance and in charging the condenser. By Ohm's Law the

voltage used up in the resistance is Er=iR where i is the current,

and according to the principle of the condenser the voltage across

its plates at any instant is equal to the quotient of the charge by
the capacity, Ec =q/C. Since the total voltage is consumed in

these two parts, Er+Ec=E}
that is,

Ri+~= E. (a)
c/

Now by definition electric current is the rate of flow of charge,

that is, i=dq/dt. Hence (a) becomes

da a
B-l+l-Z, (b)

and in this equation R, (7, E are constants.

To transform (b) for integration first transpose and divide by

R; this gives

dt R\ C/ R\C

dg q-CE
"

dt RC

Next multiply by dt and divide by (qCE); we then have

L_= <&
q-CE RC
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Integrating,

r dq I r

J q-CE~ ~~~~RC J
dt'

But d(qCE) =dq, so we can write

fd(q-CE) 1 r

J T^~=
~^7^

and the first integral is of the form / =loge x. Hence
J x

loge (q-CE) = -?+C'. (c)
jRC

Now when the voltage is applied, that is, at the instant when
t=Q, there is not yet any charge in the condenser, g=0. These
values of t

} q in (c) give

C'=loge (-CE)
and (c) becomes

loge (q-CE) = - -+loge (-CE)RC
or,

loge (ff-CK)-log6 (

q-CE _J_*
JBC* * o *"w

-<7J?
and



252 CALCULUS FOR THE PRACTICAL MAN [Aier. 79]

Transposing and factoring this we get finally

(d)

which gives the charge q at any time t after changing begins, in

terms of C, E> R which are known constants.

If the voltage is removed and the condenser and resistance

are connected directly in series, there is then no applied voltage,

that is, jE=0, and equation (b) becomes

dq q
fiJLHUo.
dt C

dq q
''

*~-CR
and

dq I
-i --dL
2 CR

Integrating,

lo&g=-^+C"'. (e)
jKO

At the moment when the voltage is removed the condenser is

fully charged with the charge Q, that is, when =0, g=Q. These

values in (e) give

and

or'

1 f*\ l
A ^ -

iogel 1= and =e
\ n / /^z> /i
\(^/ oil/ y

(f)
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which states that at any time t after the discharge begins the

charge is equal to the original charge Q multiplied by the (t/CR)

power of the number e.

Let us see what is the charge at a time t=CR. Using this

value of t in (f) we get q=Qe~~
l = Q/e.

A g=.369Q.

This means that the charge has in CR seconds dropped to 36.9%
of its original value, that is, it has decreased by 63.1%, or nearly

two thirds. The quantity CR is called the time constant of the

condenser resistance circuit.

For a fully charged condenser Q= CE, and, therefore, we can

write equation (d) as,

If in this we let t=CR we find,

which means that in charging, the condenser is about two thirds

charged in the time equal to the time constant.

80. Rise and Fall of Electric Current in a CoiL By methods

similar to those used in the preceding article we can find the

formula giving the current at any instant after a voltage is applied to

an inductive coil and a resistance in series.

Solution. Let E be the applied voltage, L the inductance of

the coil and R the series resistance, and let i be the current at any

time t after the voltage is applied. The drop across the resistance

is by Ohm
7

s Law equal to Ri and that across the coil is equal to

the product of the inductance by the rate of change of the current,

L(di/di); and the sum of these two must equal the total applied

voltage. Hence
di , ,

Is-+Ri=E. (a)
dt
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Comparing this with equation (b) for the condenser circuit, namely,

dq I

we see that they are of the same form with L replacing R, R replac

ing l/C and i replacing q. The two are integrated in the same

manner, therefore, and corresponding to (d) of the preceding
article we have,

which gives the value of the current i in the coil and resistance

at any time t after the switch is closed, in terms of the known
constants E, L, R.

Similarly, also, when the voltage is removed and the coil and
resistance joined in series, the current begins to die away. In

this case E=Q and equation (a) becomes

di
L \-Ri=,
dt

which like the corresponding equation for the condenser gives

when integrated
E _!

i=-e L
. (c)

zl

Since in the steady condition, when the full current I is flowing,

Ohm's Law gives E/R= I, we can write equation (b) for the rising

current
>
and (c) for the falling current as

/ flf\ _&
ir=l(l-e i), if=Iei, (d)

and by the method used with the condenser the time constant of

an inductive circuit is found to be L/R. This means that in a
circuit consisting of a coil and a resistance in series the current

rises to about two thirds of its final full value in a time L/R
seconds after the voltage is applied and falls to about one third
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that full value in L/R seconds after the coil and resistance are

short circuited without the voltage.

81. Differential Equations. Equation (a) above and (b) of

article 79 are called differential equations because they are equations

involving the differentials of the variables q, i and t When we

get rid of the differentials by integration so that only the variables

(and constants) and not their differentials appear in the final

equations, we are said to have solved the differential equation.
The above differential equations are of very great importance

in the theory of alternating currents, telephony, power transmis

sion and radio transmission and reception. An even more impor
tant differential equation is the one which arises when not only
resistance and capacity or resistance and inductance, but resist

ance, inductance and capacity are all three in the circuit.

In this case, as before, the voltage consumed in the resistance

is Rij that in the coil is L(di/df), and that in the condenser is q/C,
and since the total is E we have

di 1

L-+Ri+-~q=E. (a)
at G

In order to have only one variable besides the time
,
we must

eliminate either q or i by expressing it in terms of the other. We
eliminate q as follows. Differentiate (a) with respect to t, remem

bering that L, R}
C

}
E are constants:

d?i di 1 dq
L-^+R H----=0.
dt

2
dt Cdt

But, as stated above, dq/dt=i. Substituting this in the last

equation, we get
d2i di I

In equations (a) and (b) the voltage E is constant. In many

cases, however, E is a variable function of the time, most often
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represented by a sine, cosine, or combinations of these functions.

In general we -may represent it as E=f(i). In this case the right

member of (a) is f(t) and the derivative with respect to t is not

zero but/
7

. This gives, instead of (b),

d2i di 1

L-z+R \-~f~f'. (c)
dt

2
dt C

Our previous differential equations contain only first deriva

tives and are said to be equations of the first order; the last two

equations above contain a second derivative and are said to be

differential equations of the second order. In general, the order of a

differential equation is that of the highest derivative which appears
in it. Differential equations of the first and second order are of

the greatest importance in physics and engineering and the sub

ject of differential equations forms a large branch of mathematics.

The methods of integration which we have studied in this book
are not sufficient to solve the second order equation above and the

reader who is interested in the subject must refer to books on differ

ential equations.

82. Effective Value of Alternating Current. An alternating

current of electricity is not steady but continually rises, fatts and

reverses, twice becoming zero and twice rising to a maximum (in

opposite directions) in a complete cycle of changes. Find the equiv

alent steady current or "effective" alternating current when the maxi
mum value for ffie cycle is known.

Solution. If I is the ma.3n.miim value for the cycle, i is the

instantaneous value at any time t
y
and / is the frequency in cycles

per second, then i is given by the formula

i=I sin (2x/f).

The quantity (%wft) is called the phase angle of the cycle and desig
nated by 6. Hence

i=Isin0. (a)

In a complete cycle, 0=360 degrees, and the graph of this equation
is given in Fig. 43. The curve OABCD is repeated for every
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cycle and I Is the maximum height. The ordinate of any point

as P on the curve is the instantaneous value of the current i cor

responding to the phase 8.

The loop OAB of the curve is exactly equal and opposite to

the loop BCD, and the current generates the same amount of

heat in the negative half cycle as in the positive half cycle. The
effective current is, therefore, the same for each half cycle, and for

FIG. 43.

the whole cycle, and as long as the current continues to flow.

We shall, therefore, calculate the effective value for the half cycle

OAB.
At any instant when the phase is 6 the current is i, as shown

at P. The heating effect is not proportional to the current itself

but to the square of the current, and when the current i flows in a

resistance R the energy converted into heat per second is Ri .

But by (a) i=I sin 6. Hence the heat generated per second is

Bi2=B(I sin 0)
2=BI2

sin
2
e.
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The average value of this heat energy for aU values of 6 over the

entire cycle is the same as would be generated by the equivalent

steady current. If we let Ie represent this equivalent or effective

current, then the heat generated by it per second is RIe
2 and this

must be equal to the average of RI2
sin

2
6 over the cycle, or half

cycle.

In order to find the average value of any quantity over a

certain range, we sum up all its values in that range (or integrate

it over that range) and divide by the total range. Now the sum

(or integral) over a half cycle, to 180, or to TT, is / and

therefore the average is
-

. The average of the above expression
7T

for the varying heat is, therefore,

T
(RI

2
sin

2
0) 6B

f-Jo/o v

and since R and I are constants, this is,

*
sin

2

o

Ri2 r-
/ si

v Jo

As explained above this is equal to RIe
2

. Hence,

-*/*
IT JQ/o

Dividing this by R we have

j2 s*T

//= / Sin
2
0c, (b)

^r Jo

and in order to determine the value of the effective current Ie

we must integrate / sin
2
6 dd.
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In order to transform this for integration, we use the relation

from trigonometry which states that cos 20=12 sin
2

8, and

hence,
sin

2
0=J(1 cos 20).

/. /sin2 $ dB= \ f (I -cos 26) dd=% fd8-% /cos 26 d6

= !0-i / cos 20 c$.

Now | I cos20d0=J J2cos26d6=l J
cos 26*2 d8

= i I
cos 20-d(2ff)

= J sin 20.

Hence, / sin
2

cW==|0 Jsin2^=|(0 f sin 20), and henceby (b),

j2

[

2?r

= (7T-isin360)= (T).

and,

Je=_L= .707J.

Thus the effective value of an alternating current is about .71 or

a little less than three fourths of the maximum current. Similarly

for voltage in an A.C. circuit

(d)

where E is the maximum value of the voltage in the cycle.
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Alternating-current meters indicate effective values of current

and voltage. When reading the effective value on a meter, it is

well to remember that twice in each cycle the current (or voltage)

rises to a value which according to equations (c) , (d) is 1/.707= 1.41

or nearly one and one-half times as great as the meter reading.

Thus, if an A.C. meter reads 100 volts on a 60-cycle circuit the

shock received by placing the hands across the circuit would be

141 volts 120 times a second.

83. Acceleration Against Air Resistance. The air resistance to

a moving object is, within certain limits, proportional to its speed,

increasing as the speed increases. If the weight of a car and Hie

tractive force exerted % its engine are known, find the speed at a

specified time after starting from rest on a level road.

Solution. At any specified moment let t be the time since

starting and let the velocity at that moment be v. Then, since

the force of the wind resistance fw is proportional to the speed,

we have,

/tf=fo, (a)

where k is the proportionality constant. If F represents the

pulling force of the engine, then when this is opposed to the wind

resistance the net force effective in accelerating the car is

fa=*Ffw) and hence, according to equation (a),

/a-F-fo. (b)

One of the fundamental principles or laws of mechanics is

that the force used to accelerate an object equals the product of

the mass by the acceleration, and mass is weight divided by g

(acceleration of gravity), W/g, while the acceleration is as we have

seen, dv/dt. The accelerating force is therefore

W do
/*=- (c)

g dt
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Comparing (b) and (c) we have at once

W dv

=F-fa;,
g dt

or, W dv
+kv=F. (d)

g dt

If this differential equation is compared with equation (b) of

article 79 or (a) of article 80 it is seen to be of the same form.

Integration will, therefore, give as the solution

Ff -MA
0-4i-6 w*). (e)

/c

Since k, g}
W

y
F are known, this formula will give the speed v at

any time t after starting, or give the time t required to bring the

car up to any speed v.

Formula (e) will also apply to the case of a large object falling

through the air from a height, as, for example, a person jumping
from an aeroplane with an opened parachute which is held back

from falling freely by the resistance of the air. In this case the

downward force F exerted to accelerate the person and parachute

is their combined weight and k as in (e) expresses the air resist

ance, which is found by experiment with exposed surfaces in

different wind velocities.

As an illustration of this use of the formula (e), suppose a

135-pound person jumps with a 25-pound parachute which opens

at once and has a surface area of 200 square feet exposed to the

air. If the air pressure on the parachute is two pounds per square

foot when falling at 30 feet per second, and the person reaches

the ground in 30 seconds, with what velocity does he strike the

ground?
In this case the pulling force is the weight and F=W= 135+25

= 160 pounds, and 0=32 (ft./sec.) per second. The force of air
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resistance when #=30 ft./sec. is /to=2X200=4QO pounds and

hence by equation (a), 400=&(3Q) so that k=400/30=40/3. The
time is i=3Q seconds, and we have still to find v.

Summarizing the data, we have F=160, $F=160, &=40/3,

0=32, Z=30. Using these values in formula (e), we get

40

kg (40/3)X32X30=-
W 160

160
*

80.

From a table of exponentials or by logarithms we find that e~~
80

is

an extremely small fraction so that 1 e~"~
80= l (approximately).

Therefore, the person lands with a velocity of

v= 12 feet per second.

In order to find the velocity with which he would strike if the

parachute should fail to open we must know the height from which

he jumps and this can be found by combining some of the equa
tions of this article with some of those of article 76 dealing with

freely falling objects. Equation (c) of article 76 states that when
the acceleration is g and the time of fall t the velocity is gL This

is true for any acceleration a; if an object is steadily accelerated

with the acceleration a the final velocity is v=at. Hence, if the

time and velocity are known, we can find the acceleration

a= v/t.

In this case the person falls for 30 seconds and attains a velocity
of 12 feet per second. The acceleration is therefore,

a = 12/30= 2/5 (ft./sec.) per sec.
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Also by equation (e), article 76, for any acceleration a the distance

fallen through is s= fat
2

. Hence, in this case, the height is

s=f(2/5)(30)
2= 180 feet.

If he had falien freely (without the open parachute) for 180 feet

the full force of gravity unchecked by the air resistance would
have been effective and the acceleration 32 instead of 2/5. Then,
by the formula s= ^gt

2 he would have fallen for a time

*
-, r * /

-
=Y-=iV5=|Vl80=3.36 seconds

u

instead of 30 seconds, and his velocity would have been

v= 0*=32X3.36= 107.5 ft./sec.

or,

v= 107.5/88= 1.22 mi./min.

84. Time of Swing of a Pendulum. Suppose it is required
to find the time required by a pendulum or any suspended body to

swing from its extreme position in one direction to that in the other

when the total distance of swing is not very great.

Solution. In Fig. 44 let be the point of suspension, OA
the length L of the pendulum or suspension and A, B its extreme

positions. The pendulum bob, or other swinging body, will then

swing back and forth in the circular arc ACB, C being the lowest

point and vertically under 0. Draw the lines OB and OC and

let a represent the angle AOC, which is equal to the angle BOG,
and let m be the mass of the pendulum bob, the suspending cord

or rod being very light as compared with the bob.

As the bob swings toward the left and reaches A it stops,

reverses and returns toward C with its velocity accelerated from

A to C. When it reaches some point P it makes an angle POC=0
with the center line OC and in the next instant of time dt it will

swing through the small angle POQ=d0 and reach Q, passing over
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the very small distance PQ=<fe. Its velocity during this interval

is ds/dt and its acceleration is and as the line OC and the point
df

C are the reference line and point, the distance s from C is decreas-

d2s
ing so that ds/dt and ~ are negative.

FIG. 44.

The force required to accelerate an object is the product of

its mass by the acceleration. Therefore, the force in this case is

_ ffj W
,,2" W

This accelerating force is due to the weight of the body which is
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Its mass multiplied by the acceleration of gravity, mg We can,

therefore, represent the weight by the vertical downward pointing

arrow marked mg in Fig. 44* That part of the weight effective in

the direction of PQ is found by extending OP to R and drawing
RS parallel to PQ, which is perpendicular to OR^Then PRS is a

right triangle and the angle RPS=0. Hence RS/PS=sin# and

therefore RS ==PS sin 6. But when PS is the total downward force

mg, then RS is the effective accelerating force / in the direction

parallel to PQ. Hence

f=mgsmB. (b)

By equations (a) and (b) we have, therefore,

m -=mg sm 8.

dir

"-

2
= -g sin e. (c)

In order to find the time of swing we must solve this differential

equation in terms of s, t and B and then solve the resulting algebraic

equation for t when proper values are given to s and 6.

Before equation (c) can be integrated we must express s in

terms of 6. When s is the arc CP corresponding to the angle B

and L, the length of OP, is the radius, we know that s= L0. Hence

ds/dt=L(dd/d)
and

d2s d?8

=Lr-^. (d)
df dt

2

Substituting (d) in equation (c) and dividing by L we get finally

as the equation to be integrated,

# a . ,.=---sine. (e)
dr L
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We have here a second derivative to be integrated, or a second

order differential equation to solve, and must use a new device.

In order to transform the equation for integration, let us multiply

both sides by 2( }dt.
This gives

'd
z
e\ , 2gr

2[-U k=--sin0-(-V (f)

\dJ\dt2J L \dtj

Butj
d?
=^^^ theref re

Also, on the right side of (f), the dt cancels in the numerator and

denominator. Equation (f), therefore, becomes

dt/ J L

which can now be integrated. Integrating,

rjffi]--*J LWJ L

2g
(g)

dt/ L

In order to determine the integration constant C, note that at the

point A just as the pendulum is stopped to reverse, the angle is

a and dB is zero. That is dB/dt=Q and 0=a. These values in

(g) give
=

(2jr/L) cos a+C, A C= - (2g/L) cos a,

and equation (g) becomes

(de\

2
2g

J
=

dt/ L
(cos 6 cos a).
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Taking the square root of both sides of this equation,

cos a.

d6

Vcos0 cos a

It is the time we wish to find, so let us transpose this equation,

getting

d9

'20 A/COS COS a

Integrating,

Vcos cos

The expression / /
cannot be integrated, but

J VCOS0 cos a

by remembering that the swing is to be small, that is, a and Q are

small, we can transform cos 6 cos a so that it is integrable.

From trigonometry we have the relation

cos 0=1 -2 sin
2
(J0) (i)

and when an angle is very small (5 or less), if it is expressed in

radian measure it is very nearly equal to its sine. Therefore, in

the present case sin (|0)
= |0 and sin

2
(f0)

=
(|0)

2= J0
2

. Hence,

Similarly,
cosa=l fa

2
.

e
2 a2 a'-e
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and

This value of the radical when used in equation (h) gives

CALCULUS FOR THE PRACTICAL MAN [Ass. 841

V^Z^
COS a -

rM L
J dt^7

Now t and Q are corresponding values of the time and angle

when the pendulum is in any position P, Fig. 44. At the extreme

position A, therefore, 0=a and t is half the time of a complete

swing, fT. We, therefore, integrate from 0=0 to 6= a and from

t= to = \T* Our integrals then become

Integrating by formula (XXIII),

r de . ^I =sin I
~

J Va2-^2 V

r=w-
9

G)

is the time required for one swing of a pendulum of length L.

Since 0=32.2 (ft./sec.) per sec., T is in seconds and L in feet.
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As an illustration let us find the length of the pendulum of a

jeweler's clock which beats seconds. In this case T~l and for

mula (j) gives

~~L~ 32.2

/. L= 3.26 ft. = l meter.

Thus the meter pendulum beats seconds.

In order to beat any desired time, as in clocks or musicians*

time-beaters, the pendulum, according to (j), must be of length

L=(4V2
.

85. Surface of a Liquid in a Rotating Vessel When a vessel

containing a liquid is rotated rapidly the surface of the liquid rises

at the edges and sinks in the center. Find the shape of the mrfaee
when the speed of rotation is known.

Solution. The shape of the surface is due to the centrifugal
force resulting from the rotation, which drives the liquid toward
the edge of the vessel, and when the vessel and the liquid in it are

rotating steadily and the curved surface of the liquid is at rest

every particle of liquid in the surface is in equilibrium with the

force of gravity and the centrifugal force; and the resultant of

these two is perpendicular to the surface, for if it were inclined the

particle would move downward, but it is not moving downward.
In Kg. 45 let ABCD represent the body of liquid and the curve

KOL the curved surface of the liquid. In order to determine the

shape of the curve we must find its equation. Draw the vertical

OY and the horizontal OX through the lowest point of the sur

face curve. Then, if P represents any point on the curve the

horizontal MP=x is its abscissa and PQ=y is its ordinate. We
are to find the equation giving the relation between x and y.

If the vessel rotates n times per second and the mass of a



270 CALCULUS FOR THE PRACTICAL MAN [ART. 85]

particle at P is m the centrifugal force acting on it is (mt^-s-MP

or mf/x where v is its velocity. But when x is the radius of the

circle in which it rotates n times per second the velocity is 2vx-n
9

and hence the centrifugal force is m(2Txri)
2
/x=m(2<m)

2
x. This

horizontal force may be represented by the arrow PF and we can

write

PF=m(2Kri)
2
x. (a)

FIG. 45.

The force of gravity acting on the particle of mass m is mg, where

0=32.2 is the acceleration of gravity, and is vertically downward.

Representing this force by the arrow PG, we have

PG=mg. (b)

The resultant of these two forces is PR and this is perpendicular
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to the surface at P, as seen above. If we draw the tangent PT
then PT is perpendicular to PR.

Now produce PR in both directions to meet OX at V and OY
at N. Then the triangles GPR and MNP are similar right tri

angles and therefore we have the proportion between the sides:

NM:MP::PG: GR. (c)

But GR=PF and MP=. Using these values and substituting

(a) and (b) for PF and PG in (c), the proportion becomes

NM : x::mg :

Solving this proportion for NM we get

(27m)
2

"

Since MP is parallel to 0V, the angle MPN equals the angle 0~VP.

If we call this angle a, then in the right triangle MPN we have

tana=NM/MP. Using in this the value of NM from (d) and

remembering that MP=# it becomes

tan a.= . (e)
x

We have also in the right triangle TVP, tan a=cot <= I/tan <.

But since PT is tangent to the curve at P we have tan <f>=dy/dx

Therefore

1
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Comparing this with equation (e), we see that

(2)2

/. dy= xdx.
ff

Integrating this differential relation to get the relation between

x and y,

r (2m) r
I dy=- I xdx.

<o

Since P is any point on the curve, this equation holds good for

any point on the curve, and hence at 0. But at 0, x is zero and

y is zero. Putting these two values for x and y in (f), we find that

C is zero and (f) becomes simply

m)*^_/2,*n*\ 2X I \x
20 \ g J

Now TT, n, g are all constants and hence (
-

) is a constant.
\ g /

If we let this constant be represented by the single letter a, then

our equation becomes

2/=oz
2

(g)

and this is the equation of the curve KOPL in Fig. 45, since it is

the relation between x and y for any point on the curve.

Since the constant a2i^n2
/g is known when the revolutions

per second are known, the equation (g) gives the distance y above
the lowest point for any point on the surface whose distance
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from the axis of rotation OY is x. Since it applies to any point
on the surface, it therefore applies to all and gives the shape of the
entire surface when the liquid is rotated about OY at the specified
speed.

86. The Parabola.!! we compare equation (g) above with
equation (43), article 33, and the curve KOPL of Fig. 45 with the
curve KOP of Fig. 15, article 33, we see at once that they are the
same curve and equation with a=l in (43). The curve KOP or
KOPL is called a parabola.

The constant a may have different values and the correspond
ing curves will then be either steeper and narrower or broader and

(W
FIG. 46.

(C)

flatter, but the general shape remains the same. Several dif

ferent forms of parabola are shown in Fig. 46 with the equation
for each.

The point or V in either case is called the vertex of the parab
ola and may be at O or any other point, depending on the choice
of lines for the coordinate axes. The curve may open upward or

downward, to the right or left. This is indicated by the sign of
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the multiplying constant and by the appearance of the exponent 2

with either the x or the y. Thus in Fig. 46 (b) the constant a is

preceded by a plus sign and the curve opens upward while it is

reversed in Fig. 46 (c). The symmetrical center line through the

vertex is called the axis of the parabola. In Fig. 46 (a) the y is

squared and the OX axis is the axis of the parabola; in (b) the x

is squared and OY is the axis.

The curve Fig. 46 (c) is seen to be the same as the path of the

projectile shown in Fig. 40. In Fig. 40 P is the vertex and PF is

the axis of the parabola.

The equation of the parabola of Fig. 40 is equation (g),

article 77,

y= (tan a)x ~(
- te

2
,

\2V2
cos

2
a/

and by the algebraic process of completing the square on the right

side of this equation (as in solving quadratic equations), and

transposing, it takes the form

72 sin2a\ /2F2
cos

2 a\r /F2
sin

2

and this is seen to be the same as

which is the same as the equation of Fig. 46 (c), the constants

a, hy k replacing the expressions in parentheses.

The parabola is an extremely important curve in science and

engineering. Thus the cross section of the reflector of an automo
bile or locomotive headlight is a parabola, so also is the suspended
loaded cable of a suspension bridge. We have already seen that
the path of a projectile is a parabola; this can easily be made
visible by turning a water hose upward at an angle and adjusting
the nozzle so that the water issues in a small, clear jet and does
not spray. The particles or drops of water are projectiles and the
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steady stream of them makes a continuous parabola. Other

examples of the parabola are, the path of a non-returning comet
in the heavens, certain architectural arches, vertical curves on

railway and highway bridges, the water surface investigated in

the preceding article, etc.

Although the subject of this article belongs to analytical

geometry rather than to calculus, it is of such interest and impor
tance that we give here the general definition of a parabola and the

derivation of its equation. The definition is, "A parabola is the

curve traced out by a point which moves so that its distances

from a fixed point and a fixed line are always equaL" To derive

the equation, let F be the fixed point in Fig. 47, DD 7
the fixed

line and P the moving point. Then according to the definition of

the curve the distance PF=PM. Draw FX through F perpen
dicular to DD 7 and OY parallel to DD 7

midway between F and
DD 7

,
and draw PA perpendicular to OX. Then the coordinates

of P are NP=OA=z and AP=2/. In order to find the equation
we must find the relation between o^and y.

Let the distance of the fixed point F from the fixed line DD 7 be

designated by f5. Then

and AF

In the right triangle PAF the distance PF= "

: (a)

Also the distance PM=PN+NM, or

PM=z+i&. (b)

Now to trace out the parabola the point P moves so that always

PF=PM.

According to equations (a) and (b) therefore
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Squaring,

Carrying out the indicated squaring and simplifying, this becomes

(c)

Fia 47.

which is the same as in Fig. 46 (a). Since this is the relation be

tween the abscissa and ordinate of a point moving according to

the definition of the parabola, it is the equation of the parabola.

The fixed point F is called the focus of the parabola and the

fixed line DD' is the directrix. As already stated, is the vertex

and OX is the axis.

In the case of a non-returning comet moving in a parabolic

path the sun is at the focus and in the parabolic reflector the light

is placed at the focus.
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The parabola possesses the remarkable property, as can be

shown from its equation, that if a line from the focus to a point P
on the curve, as FP in Fig. 48, meets at P a line parallel to the

axis, as PL, then the line PK which is perpendicular to the curve

at P makes angle KPF equal angle KPL. This is the law of reflec

tion of light or sound, hence, if a source of light or sound is placed
at F a sound wave or a ray of light from F is reflected at P along
the line PL parallel to the axis. Since P is any point, this is true

for all points and so all rays from F are reflected parallel to the

Y

FIG. 48.

axis. It is for this reason that parabolic reflectors are suitable

for searchlights and the light is placed at the focus: the rays form

a direct parallel beam and are not scattered.

The parabolic reflector is a bowl-shaped vessel of which the

cross-section through its center-line or axis is a parabola. One

method of forming the parabolic inner surface is to fill a vessel

such as that of Fig. 45 with a fine cement or plaster and mount it

on a vertical shaft with the line OY as axis; the vessel is then

rotated at the proper speed so that the parabolic surface takes the

desired shape. The rotation continues at the same speed until
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the plaster hardens, and the surface then holds the parabolic shape

permanently. It is then coated with glass or metal or other re

flecting material and mounted in its holder with a supporting

backing.

It is to be noted that the equation of the parabola contains

only the first power of one variable and the second power (or

second and first) of the other variable. This is characteristic

of many formulas and equations in science, but we shall give only

one example here in addition to those already cited above. If an

electric current of strength I amperes flows through a resistance

R ohms the power lost in heat for any value of I is

watts, and this is seen to be of the same form as the equation of

Fig. 46 (b). The curve of Fig. 46 (b) and also that of Fig. 15

which was discussed in articles 33, 64 and 67 are therefore the

graph of the electrical resistance heat loss formula.

For further discussion of the parabola and related curves the

reader is referred to any book on analytical geometry and to

Wentworth's "Plane and Solid Geometry," Book IX.

87. Work Done by Expanding Gas or Steam. The characteristic

property of gases is that when a definite mass of gas occupies any
volume at any pressure the product of the pressure and volume

is the same for all pressures and volumes for the same mass of gas

so long as the temperature remains constant. Thus if the gas is

compressed from a larger to a smaller volume the pressure is

increased as the volume is decreased, but the product of the new

pressure and volume is the same as that of the old. In this case

work is done on the gas?
as in an air compressor. If the gas expands

from a smaller to a larger volume the pressure decreases and work
is done by the gas (in pushing back the restraining wall or piston),

as in a steam engine. Let us find the work done in either case. It

will be simpler to handle the case of the expanding gas.

Solution. The law that the product of pressure and volume
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remains constant as pressure p and volume v vary is expressed

by writing

pv=k (a)

where k is the characteristic constant, which has the same value

for all pure gases and can be found by experiment.

The graph of equation (a) is shown in Fig. 49 (a) and is called

a hyperbola. It extends indefinitely in both directions. We now

P

FIG. 49 (a).

proceed to determine the formula for the work done by the expand

ing gas and in so doing we discover a remarkable property of the

curve of Fig. 49 (a).

Suppose the gas is contained in a cylinder and held at a volume

v under a pressure p by a very light Motionless piston of area A.
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When the gas expands a small amount it pushes the piston back

a small distance ds against the pressure and does an amount of

work dW. The work done is equal to the force multiplied by the

distance through which it acts. The force exerted b}
r the gas on

the piston is the pressure p times the area A of the piston, that is,

pA, and the distance through which it acts is ds. The work done

is, therefore,

dW=*pA*ds.

But A-ds is the change in volume which occurs when the piston

moves through the distance ds, and this is dv. Hence,

dW=p dv. (b)

The distance ds and therefore the volume change dv are taken

small, because the pressure changes considerably in a large motion

and we could not use the same p as the multiplier throughout the

entire motion. The smaller ds is taken, the more exact is the

formula (b).

If we next allow the gas to expand from a volume vi to a con

siderably larger volume v2j the total work done is the sum of all

the small amounts of work such as dW. Hence TF= I dW, and
JTS\

therefore by equation (b)

W= I *pdv. (c)

/!

But i) is the abscissa of the curve in Fig. 49 (a) and p is the ordinate.

The work done by the expanding gas is therefore the area under

the graph of the gas equation! This is a remarkable and extremely
useful property, both of the gas and of the hyperbola.

In order to integrate (c) we must express p in terms of v and

this is done by means of the relation (a) which gives

p=k-~.
v
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Substituting this in (c), Jc being constant, the work-area is

This integral is the familiar and fundamental form / =loge a.

Therefore,

(d)

is the work done by the gas or steam in expanding from volume

Vi to volume #2-

The area given by formula (c) or (d) is shown shaded in Fig,
49 (a), where OA=vi, OB=t;2 and AC=pi, BD=p2 are the cor

responding pressures. In a steam engine a definite amount of

steam is let into the cylinder and expands against the piston,

doing work. After expansion, most of the steam is exhausted and
on the back stroke new steam is let in and partially compressed, so

that some of the work done by the steam is spent again and the

curve takes the form of Fig. 49 (b). This is called the engine
indicator card and the shaded area LMNQRL is measured to

obtain the work done per stroke. The strokes per minute being
known from the speed of the engine, the total power developed by
the engine can then be calculated.

In Fig. 49 (b) the volume v2 is the total volume of the cylinder

and t>i is the clearance volume into which steam is let when the

piston is all the way in. The steam is said to be expanded along

the hyperbola MN and compressed along QRL. In an actual

indicator card the corners at L, M, N, Q, R are never actually

square, on account of the impossibility of opening and closing the

cylinder valves with absolute suddenness.

If the gas in the cylinder is compressed from the larger volume

t>2 to the smaller volume t>i the work given by formula (c) or (d)
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is done on the gas, as is the case in an air compressor. In either

case when vi and v% or the expansion ratio or compression ratio

v^/vi are given, the work can be calculated for any gas or vapor
for which the characteristic constant k is known.

As stated above, the corners of the work area are not square
in an actual indicator card of an engine or compressor and because

of unavoidable influences in the operation of the machine the cal-

Fia 49 (b).

culation of the work or work area by the theoretical formula may
be difficult. In this case it is measured by an integrating instru

ment called the planimeter, which performs the integration mechan

ically and automatically.

88. Remarks on the Application of Integration. The problems
discussed in this chapter are not selected for either their practical

value or theoretical interest alone, but for both, and in the solu

tions and discussions the aim has been to show not only the simple
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applications and details of the integration itself, but, in particular,

the nature and conditions of the problem in which the integrals

originate, and the meaning of the connection between the integrals

and the phenomena described.

It has been thought better to solve and discuss at some length

a few typical problems than simply to write out the statement

and integral in each case for a large number of problems. A few

such problems thoroughly understood by the reader are more

instructive than a large number which are formally solved but

only imperfectly understood.

For other applications of the calculus methods, both in integra

tion and in differentiation, the reader is referred to the standard

textbooks on scientific and technical subjects. If further discus

sion is desired of both the calculus and the technical and scientific

problems in which it is useful, the present author knows of no

better books than Perry's "Calculus for Engineers," Graham's

"Calculus for Engineering Students," and Bisacre's "Applied

Calculus." The first two, as their titles indicate, are concerned

chiefly with the engineering applications, while the third discusses

physical and chemical problems as well. An elementary book of

particular interest to chemists is Daniels' "Mathematical Prep

aration for Physical Chemistry."

It has no doubt been noticed that in the technical applications

and natural phenomena discussed in the preceding articles, the

logarithmic and exponential functions occur very frequently.

This is true in general in natural phenomena and is in itself a

natural phenomenon, which is discussed in the next chapter.

89. Problems for Solution. The following problems require

only the slightest technical knowledge, and most of what is re

quired is explained in the solutions in this chapter. The symbols

should be selected and the equations or formulas developed and

set up before any numerical values are used. The methods and

procedures explained and illustrated in this chapter will suffice for

the solution of all of the problems.
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1. With what velocity will a stone strike the ground if (a) dropped
from the roof of a building 100 ft. high? (b) thrown downward from the

top of the same building with a speed of 60 ft. per second?
2. A stone dropped from a balloon which was rising at the rate of

20 ft. per second, reached the ground in 6 seconds, (a) How high was
the balloon when the stone was dropped? (b) With what velocity did
the stone strike the ground?

3. A projectile thrown from the top of a tower at an angle of 45
above the horizontal strikes the ground in 5 sec. at a horizontal distance

from the foot of the tower equal to its height. Find the height of the
tower.

4. The temperature of a liquid in a room of temperature 20 is observed
to be 70, and five minutes later to be 60. Assume Newton's Law of

cooling: The rate of cooling (decrease of temperature) is proportional
to the difference of the temperatures of the liquid and the room; and
find the temperature of the liquid 30 minutes after the first observation.

5. A boat moving in still water is subject to a retardation (resistance)

proportional to its velocity at any instant. Let V be the velocity at the
instant the power is shut off, and find the velocity v at the end of t seconds
after the power is shut off.

6. A small mass sliding on a certain inclined plane is subject to an
acceleration downward along the plane of 4 ft. per sec. per sec. If it is

started upward from the bottom of the incline with a velocity of 6 ft. per
sec. find the distance it moves in t sec. How far will it go before stopping
and starting to slide back?

7. If the inclined plane in Prob. 6 is 20 ft. long, find the necessary
initial speed in order that the mass may just reach the top.

8. Atmospheric pressure p at points above the earth's surface as a
function of the altitude k above sea-level changes according to the "popu
lation" or "compound-interest" law of article 75. If p=15 lb./sq. in. at
sea-level (A=0), and 10 Ib. when &= 10,000 ft., find p when (a) &=5000,
and (b) h=15,000 ft.

9. The velocity of a chemical reaction in which the amount of the

reacting substance changed or transformed in time t is x, is the time rate

of change of x
3 dx/dt. In a so-called "first order reaction," when a is the

initial amount of the substance, the amount remaining unchanged at the
end of time t is a x. The law of the first order reaction is: The rate of

transformation is proportional to the amount present unchanged. The
constant of proportionality is called the "velocity constant." Find the
formula for the velocity constant (k).

10. The chemical reaction known as the "inversion of raw sugar" is a
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first order reaction. If 1000 Ib. of raw sugar is reduced to 800 Ib. ia

10 hours, how much will remain unchanged at the end of 24 hours?

11. In the process known as "washing down a solution" water is run

into a tank containing the solution (salt or acid) for the purpose of re

ducing its strength. If s is the quantity of salt (or) acid in the tank at

any time, and x is the amount of water which has then run through, find

the rate of decrease of s with respect to x(d$/dx), and from this result

find s.

12. In Prob. 11, if the total volume (salt and water) is t>= 10,000 gal,

how much water must be run through to wash down 50% of the salt?

13. In an electrical condenser which is discharging electricity, the

tune rate of change of voltage (E) is proportional to E, and E decreases

with the time (f). If the proportionality constant is &=40, find the time

required for E to fall to 10% of its original value.

14. "Building up" a salt (or acid) solution by adding salt (or acid)

while the volume remains constant (v) leads to the equation dy/dx=

(py)/V) where y is the amount of salt (or acid) in the tank at any mo
ment and x is the amount added from the beginning. Solve this equation

for y in terms of v and x.

15. The acceleration of an object moving through the air at a high

speed v near the earth's surface is in a particular case 32 (2^/8) ft. per

sec. per sec. If such an object falls to the ground in one minute from

rest, find the height from which it falls.

16. Radium decomposes at a rate proportional to the amount present

at any instant. If half .the original amount disappears in 1600 years,

find the amount remaining at the end of 100 years.

17. A drop of liquid in air evaporates at a rate proportional to the area

of its surface. Find the radius of the drop as a function of the time.

18. In a certain first order chemical reaction, the amount of reagent

remaining unchanged at the end of one hour after the reaction begins is

48 Ib., and at the end of 3 hours, 27 Ib. What was the amount at the

start?

19. A vertical tank has a slight leak at the bottom. Assuming that

the water escapes at a rate proportional to the pressure (depth multiplied

by density) and that 5% escapes the first day, how long will it be before

the tank is half empty?
20. If the population of a certain region changes according to the

natural law from 40,000 to 90,000 in 40 years, what will it be at the end

of 20 years more?
21. The amount of light absorbed in passing through a thin sheet of

water is proportional to the amount (A) falling on the surface and also
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to the thickness (t) of the sheet. If one third the light is absorbed in

penetrating 10 ft., how much of the original amount will reach a depth
of 60 ft.?

22. The rate of change of vapor pressure of a liquid with respect to

temperature is proportional to the vapor pressure and inversely propor
tional to the square of the absolute temperature. If the vapor pressure
of water is 4.58 mm. of mercury (barometer) at zero Centigrade (273

absolute) and 31.8 mm. at 30 C., determine the equation expressing the

vapor pressure (P) as a function of the absolute temperature (T).

23. Disregarding air resistance and the earth's curvature and rotation,

find the range, greatest height reached, and time of flight of a rifle bullet

which is fired with a muzzle velocity of 1500 ft. per sec. at an elevation

of 30 degrees. Also write and simplify the equation of its trajectory.

24. In the parabolic trajectory of article 77, which has the form of

Fig. 46 (c), the height is =18 mi. and the range is 2A=72 mi. Also, at

0, x=0 and 7/=0. Find the constant a, and the area under the curve

above the horizontal.

25. In order to form a parabolic reflector (article 86) by the method of

article 85, to have a depth of 6 in. and a diameter of 6 in. across the open
end of the bowl-shaped figure, what speed of rotation is required?



Chapter XVIII

THE NATURAL LAW OF GROWTH AND THE
NUMBER e

A. THE LAW OF GROWTH AND e

90. Introduction. In Chapter X we have seen that a certain,

number designated by the symbol e is the number which when
used as the base for logarithms gives the simplest formula for the

differential or derivative of a logarithm and in Chapter XI we
have seen that the integral of a reciprocal, which is the one excep

tion to the general rule for integration of powers, furnishes a new
definition of a logarithm, provided that e is used as the base.

We have also seen in Chapters X and XIII that the xth power
of e is its own derivative as well as its own integral and in Chap
ter XVII that logarithmic and exponential functions based on

e occur frequently in applied mathematics. Truly this number e

is a remarkable number and ranks with the geometrical number
IT in importance.

In the present chapter we investigate the origin and signifi

cance of the number e, calculate its value, and determine some of

the properties of both e and e
x and their relations to other numbers

and functions. We shall find that e is the connecting link between

the higher mathematics and nature's own laws of change and

growth and that by means of this number we can calculate the

natural and common logarithms, the trigonometric functions, and

the value of IT.

287
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91. The Natural Law of Growth. We have all heard such

sayings as "riches beget riches" and "more calls for more"
and the like, but we probably have not stopped to think of the

meaning back of such statements. If we do stop to think, however,
the statements are seen to be reasonable and their meaning is

dear.

As an illustration, consider the increase of money at com

pound interest ("riches beget riches")- Taking any specific

amount of money as the principal or starting amount and allowing
It to increase at a definite rate (of interest) without withdrawing
any of the accumulation, it is seen at once that in each interest

period there is added a definite fraction of what was present at

the beginning of the period, and so at the beginning of the next

period there is a larger principal sum than at the beginning of the

last. In the new period the same fraction but a larger amount is

added, and so on, and the increase is increasingly rapid. It is to

be noted, however, that the increase is always the same fraction of

what is already present, it is the amount present which increases.

Again, consider the normal rate of increase of population

(article 75). If there is no national calamity and no immigration
aad all may expect to attain to the allotted "three-score-and-ten"

then each individual will ordinarily see more births than deaths

so that each generation will have more parents and there will be
more children; even though the average size of families may not

change, there will be more families. As in the case of compound
interest, it is not the rate that changes but the amount present
which is productive.

The gist of both examples just given may be expressed in the

statement that in natural processes the increase in any period is

proportional to the quantity present. Thus the mass of a grow
ing tree or plant is increased by the formation of new cells by *all

those already present, the consumption of fuel by fire increases

as more heat is generated and more heat is generated as the con

sumption of fuel increases; the process depends on the amount of

heat present (assuming unlimited fuel).
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On the other hand, if we think of the cooling of a hot object

we see at once that at first when it is hot it will throw off more
heat in a certain time because it is much hotter than its surround

ings, which can thus absorb rapidly, but later it will have less

heat and so be cooler, and will not throw off so much in the same

length of time, the amount radiated again being proportional to

the amount present. Similarly in a chemical reaction or the dis

charge of an electrified object (such as an electrical condenser,

article 79) as the reaction or discharge continues (without being

replenished) there is less active substance present at each suc

cessive instant and therefore less activity and the decrease of

active substance is less, again being proportional to the amount

present
The citation of further examples would only be repetition. It

is seen that the process of change in nature, whether increase or

decrease, the natural law of growth (or decay) when not influenced

by external or artificial means, can be stated as follows: The rate

of change of any active quantity at any time is proportional to the

amount present at that time.

92. Mathematical Expression of the Law of Growth. The idea

developed in the preceding article is easily expressed in mathe

matical form. At the beginning of any process such as those

given as examples there will be a definite amount of the thing

under consideration and in every succeeding unit of time, that is,

each second, minute, day, year, etc., a definite portion or fraction

of the amount present at that time is added or removed.

If A is the amount present at any particular time t and a is

the fraction undergoing change in one unit of time, then the rate

of change is the total amount undergoing change in the unit of

time and is the fraction multiplied by the amount present, that is,

it is aXA. But the rate of change is dA/dt. Therefore

=aA. (89)
dt

This equation states that the rate of change dA/dt is proportional
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to the amount present. A, and that a is the constant of proportional

ity. In order to find the amount present at any specified time t

the differential equation (89) is to be solved for A in terms of t.

Transforming (89), there results

dA

A
Integrating,

In order to determine the integration constant C we make use of

the fact that at the beginning of the process, when 2=0, there

is a definite known amount A present. Using the values 2=0
and A =AQ in the last equation and solving for C we get (7=loge A ,

and the equation becomes

loge A =

Transposing, loge A loge AQ= at or loge ( )
= at. Hence,

A
=ea* and finally,

A=A e
at

.

In the case where the change is a decrease dA/dt is negative and

hence dA/dt= aA which gives A =A$e~at
.

The form of the equation which applies to either growth or

decay can therefore be written

A=A e *, (90)

and this states that in the natural law of growth (or decay) the

amount A of the substance or quantity undergoing change which
is present at any time t after the process starts is an exponential
function of the time with the original amount as the coefficient
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of the exponential, the fraction added (or removed) per unit of

time as the coefficient of the variable exponent t, and the number

e as the base!

93. The Compound Interest Formula. In order to express in

another form the idea expressed in the preceding articles we take

the case of money at compound interest as a typical example of the
[

natural law of growth and find a formula which shall express it in

a form suitable for calculation. Since what is true for one rate

will be true for any rate and principal, we take one dollar as

principal and the convenient decimal fraction one tenth (10%)
as rate and set ourselves the problem of finding a formula for

the amount at the end of ten years when the interest is com

pounded at different intervals.

If the dollar is invested at simple interest one tenth of the

original amount will be added each year and at the end of the ten

years one dollar interest is added and the amount is two dollars.

At compound interest, however, if it is compounded annually
the amount added the first year is one tenth as in simple interest

and at the end of the year the amount is 1.1 dollars or l+x^.
At the beginning of the second year this amount is taken as the

new principal, so that there is 1.1 dollars to increase and the

amount added in the second year is one tenth of this or 11 cents

so that the total is 1.21 dollars. That is, there is at the end of the

second year 1+Tfr times as much present as at the beginning, and

since at tKe beginning of the second year there was already 1+xg-
times as much as at the beginning of the first year, the total at

the end of the second year is the 1.1 times 1.1 or

dollars.

At the beginning of the third year the amount present is there

fore [(l+Tfr)(l+Tfr)] an(i one tenth of this is added during the

year so that at the end of the third year there is (l+-ro~) times

that amount, that is,
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Similarly, the amount at the beginning of the fourth year is that

present at the end of the third year and at the end of the fourth

year (l+t^) that amount, or (l+i^)(l+T^)(l+Tb-)(l+T^).
It is now easy to see what the amount will be at the end of the

fifth or any other year, and to save further repetition we will

simply write out the amounts for several years. Thus there will

be at the end of the

1st year,

2nd year,

3rd year,

4th year,

5th year,

Without writing any other amounts we now see at once that at

the end of the tenth year the amount in dollars will be

A = (l+i^)
10

(91)

when the principal is 1 dollar and the compounding at 10% is

annual, that is, when there are ten interest periods. If this is

calculated by means of logarithms, expressed as l.l
10

,
it will be

found to be 2.594 dollars.

Suppose now that the rate remains the same and the total

time to run is the same, but that the compounding is semi-annual.

Then in each half year only 5% or -$ is added, but in the 10 years

there will be 20 periods. Now formula (91) gives the amount,

when there are ten periods and -^ the amount present at the

beginning of each period is added during the period. By the

same process that was used to obtain formula (91) it is easily seen

that at the end of the 20 periods when -fa is the fraction added in

each period the amount will be

. (92)
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Similarly, if the rate is 10% and the time is 10 years, but the

compounding is every four months, the amount added in each

period will be -^-, there will be 30 periods and the amount will be

A= (1+3V)
30

. (93)

Similarly, if the interest were compounded 10 times a year
and 1% or j^ added each time, there would be 100 interest

periods in the 10 years and the amount would be

A = (l+Tir)
100

. (94)

Let us look back now to the case of simple interest and see

how it is to be formulated. Since the interest is allowed to accumu
late steadily throughout the entire period on the same principal

without starting anew at stated periods with a new principal

composed of the amount present at the end of the preceding period,

there is only one interest period ten years long and in that time

not simply a fraction of a dollar but one whole dollar is added,
the amount is evidently

2 (95)

dollars, as we saw before.

Suppose now the money runs for five years at simple interest

and is then re-invested with accumulated interest for another

five years at simple interest at the same rate. At 10% the interest

in the first five years is .5 dollar, and in the next five years the

interest will be half the new principal of 1.5 dollars, or .75 dollar,

and the total at the end of the five years is therefore 2.25 dollars.

Thus there have been two interest periods and -| was added each

time; the amount is therefore

A = (1+ J)
2 =2.25. (96)

By comparison of the formulas (91) to (96) we can now write

out the formula for the amount in the ten years at 10% with any
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number of interest periods and by the use of logarithms can calcu

late the amount.

The question now arises as to whether the amount will increase

indefinitely if the interest periods are taken shorter and shorter.

In other words, if the compounding takes place continuously,

every instant, so that the fraction added each instant is indefinitely

small but the number of periods is indefinitely large, what is the

amount? The answer to this question is given in the table below.

In this table the number of interest periods is represented by n,

the fraction of the amount present at the beginning of any period

which is added during that period is 1/n and the amount is

(97)

Since n may be any number, the formula (97) will represent
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the amount for any rate or time when the rate for the period is

related to the number of interest periods in the same way as in

our present problem. For any other rate, the formula would be

correspondingly modified but it would still be exponential with

the number of interest periods as the exponent. For any other

principal than one dollar the amount as given for one dollar is

simply multiplied by the principal.

Our problem of the continuous compounding resolves itself,

therefore, into the calculation of A in formula (97) when n is very

large. In the table this is indicated by taking n larger and larger

and letting o (infinity) represent the largest possible value of n.

Then it is seen that our formulas (95), (96), (91), (92), (93), (94),

respectively, are the formulas for n= l, 2, 10, 20, 30, 100, (97) is

the general formula and for n= <*>
,
A = 2.7182818284H .

In the table it is easily seen how the value of A is computed
for any specified finite value of n, but the method of computing
A when n== QO is not immediately obvious, for if we simply put

n =00 in the formula ( 1H ] ,
since !/<*> =0, we would have

\ n/

instead of 2.71828182844 .

We cannot therefore simply substitute n=oo in the formula

but must look upon A* as a sort of limiting value to which A
becomes more and more nearly equal as n approaches infinity,

that is, the value which A has when n differs from infinity by an

amount which may be as small as we please, or when n becomes
/ lV

indefinitely large. This value is called the "limit of \l-\ J
??/

as n approaches infinity" and is written

/ IV
j Y

.
i i _i_ i TQR^

n-+ \ nj

The method of calculating this value is given in a later article
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We shall find that this is the formula for collating Oie number e;

it is no doubt already observed that the last value in the table

above is the same as thai given for e in article 46.

94. A New Definition of the Derivative. We have just seen

that the amount of one dollar at compound interest when the

number of interest periods is very large, or as we said approaches

infinity 7
is found by calculating the limiting value of the quantity

A as given by formula (97). The calculation of ultimate or limit"

ing values of a dependent variable as the independent variable

approaches some specific value, infinity, zero, or any other, is a

process which is frequently useful and it can be made the basis

of the definition of the derivative. This method of defining and

calculating derivatives can be made very short and concise in

many cases if one is thoroughly familiar with the notion of limits,

but for ordinary purposes the best definition is the one which is

based on rates, because the idea of a rate is a natural one and the

calculation of differentials and derivatives on that basis requires

only a knowledge of simple algebra and trigonometry.

In order to get a different view of the significance of the num
ber e, however, and to find a method of calculating its value, we
shall gve here the limit definition of the derivative and show how
it is used, and then apply it to find the derivative of logt x.

If we have any function of x denoted by f(x) and wish to find

the derived function, or derivative, f(x) by the limit method we

proceed as follows: First suppose x to be increased by an amount

h; then instead of x we wiH have x+h and instead of the original

function f(x) we will have a new function f(x+K), the difference

between the new and old function being f(x+h) /(x). This dif

ference divided by the quantity h is called the difference quotient;

it is, therefore,

-*. m
The added quantity h is next supposed to become smaller and



[ART. 94] THE NATURAL LAW OF GROWTH 297

smaller indefinitely so that it approaches zero as a limit; then x+h
becomes more and more nearly equal to x

y f(x+h) approaches
the original function /(x), and the difference f(x+h)f(x) also

becomes smaller and smaller indefinitely. The difference quotient

(99) will then become some new function of x, and it turns out that

this new function is the derived function f'(x) ,
which is the deriva

tive dy/dx if y=f(x), and with which we have already become

acquainted in connection with the differentials and rates of

functions.

We can therefore say that the derived function or derivative

is the limiting value which the difference quotient approaches as the

difference h in (he value of x approaches toward zero indefinitely.

Using the same form of notation that we used to indicate the final

limiting value of the compound interest formula, we can write for

the derivative of any function of x with respect to xy

h

As an illustration of the working of this method let us apply
it to the simple function x2 whose derivative we already know to be

2x. We write

f(x}=x
2

;

then

f(x+h) = (x+h)*

f(x+h) -/(x) = (x
2+2xh+h2

) -x2=

h->0
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Now as h becomes indefinitely nearly equal to zero, 2x+h becomes

simply 2x. Therefore the limiting value is

which is the value of the derivative.

This method can be used to find the derivative of any expres

sion and all our derivative or differential formulas could have been

obtained in this way, but it is a formal and somewhat artificial

method and does not seem to connect so directly and naturally

with problems involving varying quantities as does the ordinary

notion of rates.

For the purpose already stated, however, we shall apply this

method to find the derivative of logx to any base and thereby

obtain a formula for the calculation of e.

95. Derivative of Log^ x. Formula for e. To find the deriva

tive of logfe x by the limit method when 6 is any base we have

f(x)=logb x;

then

f(x+h)=logb (x+h).

f(x+K) -/(*) =logi (x+h) -Iog6 z=log5PM =log6

.-. /(z+A)-/(s)=log5

Now, according to formula (51), article 44,

mlog&lf=log&

1+

-(m Iog6 M) = Iog6 (Jf
m
).

OT m
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Therefore, we can write our last formula above as

299

f(x+h-)-f(x)=~\(^):
\/l/

I

H-
i

1+
1 i

and by dividing both sides (first and last member) of this equation
by h we get for the difference quotient

1 1/(*+*)-/(*)

h

Hence the derivative, by formula (100) above, is

/'Cr)=Lim k)g& 1+
1 1

For simplicity in writing, let us put -=n. Then as h becomes
h

extremely small, n, which is (x/h) t becomes extremely large and
n > oo means the same as h > 0. Thus we can write our formula
for the derivative

/'(z)=Lim{--logJl+i] j.n- [x L nJ j

The only part of this expression affected by n becoming very large
is that part which contains n, that is, the expression in square
brackets. Therefore, instead of indicating the limit of the entire

expression we can write the formula so as to indicate the limit of

that part only. The formula then becomes finally

1
=

Iog6
x Lim(l+-YlL n- \ n) J
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But

(101)

according to our derivative formula (T), article 50. Comparing
the two formulas, we see at once that

/ T\
n

e= Lim(l+-) . (102)
n-* \ 71/

In deriving formula (101) in article 45 the number e appeared

simply and naturally as a particular constant involved in the usual

algebraic formulas connected with logarithms, but we there had
no way of calculating its value. We now have a formula, (102),

which will give us the value of e when the indicated computation
is carried out. This expression for e appeared in the derivation

of the derivative of log& x by the limit method in the same place

in the formula and in the same general connection, but in an

entirely different manner, but since we have seen that the limit

method gives the same result as the differential method in the

case of x2 and can also readily obtain the same result by the two
methods for any other function, the two formulas for the deriva

tive of log& x must be the same and, therefore, formula (102) is the

true expression for the value of the number e. We shall cany out

the computation of the numerical value of e by formula (102) in

the next article.

By comparing (102) with formula (98) it is seen at once that

the two are the same. The amount of one dollar at compound
interest when the compounding is continuous, is therefore equal
to e! When we calculate e in the next article, therefore, we also

compute the last value in the table of article 92.

96. Calculation of e. In algebra we learn that any binomial

a+b can be raised to any power n by the following formula:
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and for a specified integer value of the exponent n the number of

terms in the expression is equal to n+1, but when n is not specified

the series runs on indefinitely.

If a 1, the formula becomes

n(n-l) n(nl)(n 2)
(l+6)

n= l+n&+---&
2+ ---&+-, (103)

1*2 1 -2*3

and in this expansion of (1+5)
71

,
the term b may be any number

1 / l\
n

whatever. If we use 6=- we have I 14 ) 7
which is the expres-

n \ n/

sion whose limiting value is e when n becomes indefinitely large.
1 1

When &=, we only have to replace & by in the expansion
n n

(103) ;
this gives us, when the expression is simplified,

1-2 W 1-2-3 Vn,

7i(n-l)(n-2) 1

l-2n2

7t
- +

1-2>3

1.2-3-4

In order to calculate e, according to formula (102), we must

find the value of each of the terms in this series when n is infinitely
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large. If we make n infinitely large, each of the fractions with n
in the denominator, l/n, 2/n7 3/n, etc., becomes infinitely small,

or zero, and each of the expressions in parentheses, 1 l/n, 1 2/n,

1 3/n, etc., is simply 1. The series then gives

/ IV 1 1 1 1
e= Limf 1+-J =24---h--h--h--1

----

n-*-\ n/ 1-2 1-2-3 1-2-3-4 1-2-3-4-5

and, therefore, we have finally,

In order to carry out the remainder of the computation, it is

only-necessary to express the fractions as decimals to as many
decimal places as desired and add the results. This work can be

greatly simplified by noting a peculiarity of the series of fractions.

The term
-g-

is the term divided by 3
? -^ is

-g-
divided by 4, y-J-Q is

% divided by 5, yj^- is yiu divided by 6, and so on. If, therefore,

we write =
.5, divide this by 3 to as many decimal places as de

sired, divide the resulting quotient by 4, divide this quotient by 5,

the next by 6, the next by 7, etc., and add the results, the value of

e is obtained immediately. The division can be carried out by
short division and the quotients written one under the other suc

cessively as far as it is desired to carry the computation. In this

way the result is found to be

e= 2.7182818284

to ten decimal places. Like IT this number is an unending decimal

and its computation has been carried to a great number of places.

Since the computation is, however, so simple, it has not excited

the interest which the computation of v has aroused. We shall

find in a later article that ic can also be computed by means of a
series of fractions, and that this series is based on e.

97. Calculation of ^ for Any Value of x. Having examined

briefly the relation of the number e to natural processes and found

its numerical value, we next develop a formula for calculating the
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value of the exponential e* when the value of x is given. This

formula will be used later in the calculation of logarithms and the

trigonometric functions as well as v.

( l\
n

We have seen that when n is very large e=[ H ) , therefore,
\ n/

when n is still very large, <f=
(l+-J =fl+-J

. Expressed

in symbols the full statement is

/ l\
nx

e*=Lim(l+~) , (104)
n- \ n/

( l\
nx

and we can expand ( H )
in a series formula, each term of

\ n/

which can be computed when n is infinite.

Using the binomial expansion, as it was used in the preceding

article, we get,

n/ \nj 1-2 W
+
ns(tts-](

~2
{ \ + ...

1-2-3 \n/

and again taking out n as a factor in each of the parentheses,

n/\ n

To find the limit which this expression approaches when n is

infinite, we again suppose that in each of the fractions 1/n, 2jn,
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etc., n is infinite; each, fraction tlien becomes zero and each term
in parentheses is simply x. The limit of the entire series is then,

/ l\
nx X'X X'X-X X'X'X'X

Lim l+~) =1+H---1

---
1

---
1

----
,

\ n/ 1-2 1-2-3 1-2-3-4

and hence, according to (104),

x2 x3 x4 x5
<f= l+x+--h-H---i

--+ -
. (105)

1-2 1-2-3 1-2-3-4 1-2-3-4-5

The form of the terms is very simple and it is an easy matter to

write out and compute as many as may be desired. The calcula

tion can be carried out in a manner similar to that used in the com

putation of e.

98. Derivative of e
2

. By formula (105),

2 x3 x4 x5

m

1-2 1-2-3 1-2-3-4 1-2-3-4-5

Differentiating this expression as a sum of separate terms, we get

2x 3x2 4x3 5x4

0+H---1

---
1

---
1

---1- - - -

dx 1-2 1-2-3 1-2-3-4 1-2-3-4-5

d(e
c
) x2 x3 x*

:+r-^r+ : +
dx 1-2 1-2-3 1-2-3-4

Comparing this series with the original series (105), we see that

they are precisely the same term by term. Therefore,

dx

which is the already familiar expression for the derivative of e".



[ABT. 100] THE NATURAL LAW OF GROWTH 305

B. THE NUMBER e AND OTHEB NUMBEES AND FUNCTIONS

99. Introductory Remarks. We have investigated something

of the origin and meaning of the number e and the exponential

function e?, and have calculated the value of e and developed a

formula for calculating e
x
for any value of x. In the present sec

tion of this chapter we shall investigate some of the uses of e and

e* and their relations to other numbers and functions in mathe*

matics. These will include the methods and formulas for comput

ing the natural and common logarithms of numbers, the trigo

nometric functions of angles, and the value of ir, as well as the

relation of e to other important functions.

We begin with the calculation of logarithms of numbers.

100. Calculation of Tables of Logarithms. In connection with

integral formula (XVI) in article 54 we saw that the integral

/dzz
can be used as the definition of natural logarithms. The formula

as it stands, however, is not in suitable form for the calculation of

logarithms. It can be transformed into a suitable form, however,

if we let z equal 1+x. Then it becomes

dx

Now by ordinary algebraic division

= l-x+z2-x3+x*-x*+xe ----
. (107)

l+x
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Substituting this endless series in (106),

-
.) dx

dx

= Al~x+x2-x3+x4-x5

= I dx I xdx+ I x2

/ xz dx+ I x4 dx---- .

x2 x3 x4 x5 x6

=*--
+T

-
T+7--+.... (108)

TMs formula enables us to compute the logarithm of any
number 1+x only when x is less than 1, because if is greater than

1, formula (107) and the integrated formula derived from it, does

not give a definite result. From it, however, a formula can be

obtained which holds good for any number.

In formula (108) let us use x instead of x. This gives

x2 x3 x4 x5 x5

loge (1 x) = XB ^ J 23456
By substracting this equation from (108), the terms containing

even powers of x are of opposite signs and cancel; hence

x3 x5

log, (1+x) -loge (1 -x) =2x+2-+2-+ ..-.

o O

Here the difference between the two logarithms on the left is the

logarithm of a quotient, and on the right the number 2 is a common
factor. This equation can, therefore, be written

x/

\ f x3 x
= 2U--5 7 1

.

J
(109)

Now let (
-

)=72- and solve this expression for x; this gives
\1 x/



[AKT. 100] THE NATURAL LAW OF GROWTH 307

x=( J. Substituting these two values in (109), it becomes
\7l+l/

finally

By means of this formula the natural logarithm of any number n

may be computed by substituting the value of n in each of the

terms on the right and carrying out the indicated operations.

As an example we shall compute the natural logarithm of 10,

n-I 9
In this case n= 10,

= and the formula gives
n+l 11

loge 10=2[-Ar+i(A)
3
+i(A-)

5
+^(A)

7
+i(i^)

9+ - -
-I

which can be carried to as many terms as desired. Using sufficient

terms and carrying out the indicated operations inside the square

brackets gives the result 1.151292545H and therefore to eight

decimal places

loge 10 =2.30258509. (m)

This is the conversion factor for finding the value of natural

logs which appears hi formula (58) of article 46, and which we

there stated would be found later. Writing its value to four places,

formula (58) becomes

loge n= 2.3026 logic n. (112)

From formula (58) we get

logio=(-
\loge

and using in this the value of loge 10 given by (111) it becomes

logic 71=0.43429448 (loge n).
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If in this formula we put the series for loge n given by (110) we get

finally

r/w-l\ 1/n-lV 1/n-l
logio =0.86858896 I )4 ( 1 +-{S

L\n+l/ 3\n+l/ 5\n+l

,..]
(113)

and from this formula the common logarithm of any number n

can be computed.
It is by means of such formulas as (110) and (113) that tables

of logarithms are computed.
101. Hyperbolic Logarithms and the Hyperbola. In article 90

we saw that the graph of the equation pv=k is called a hyperbola

X- o

Y'

(a} (*)

FIG. 50.

and when plotted in the first quadrant represents the characteristic

law of gases. If the constant k=l and we plot the curve on the

usual Xj y axes the equation is xy= 1, or y=-. This is a formula
x

which is of frequent occurrence in applied mathematics and simply
states that one number (y) is the reciprocal of another number (x).
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If we give to x the values in the first line below and calculate y
we get the second line:

x= .01, .1, .2, .25, .33, .5, 1, 2, 3, 4, 5, 10, 100

#=100, 10, 5, 4, 3, 2, 1, .5, .33, .25, .2, .1, .01

If these values are plotted they give the curve of Fig. 50 (a).

If x be given negative values, then #= I/a? will also be negative,
and the above series of values of x, y will be duplicated with minus

V
FIG. 51

signs. The graph of these values will then be in the third quadrant

of the x, y axes, as in Fig. 50 (b). If the two sets of numbers are

combined into one so that x and y have all values, positive and

negative, and the whole set be plotted on one graph sheet on the

same axes, we get Fig. 51. The two graphs are exactly alike

except in position and taken together are said to be the two

branches of the complete curve which is the graph of the equation

y=l/x for all values of x, positive and negative.
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This curve (as in article 87) is called a hyperbola, and the lines

X'OX and Y'OY are called the asymptotes of the hyperbola. An

asymptote is a straight line so related to a curve that as the curve

is extended farther and farther it becomes more and more nearly

straight and approaches more and more closely to the line. Some

hyperbolas have asymptotes which are not perpendicular. In

the present case (Fig. 51) the asymptotes are perpendicular, or

at right angles at the center O, and the hyperbola is called a rec

tangular hyperbola. For another reason, which we shall see later,

it is also called the equilateral hyperbola.

Now the area under a curve between any two ordinates at the
s*b

abscissas 1 and b is A = I y dx. For the equilateral hyperbola,

Ob
FIG. 52.

,
and if we call the shaded area in Fig. 52 A, we have for

this curve

/
fa
=

x

That is, the area under the equilateral hyperbola between the ordi-

nate at 1 and the ordinate at any other abscissa is the natural

logarithm of that abscissa. For this reason natural logarithms are

sometimes called hyperbolic logarithms.
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102. The Equilateral Hyperbola and the Circle. If we consider

the X and Y axes of Pig. 51 as rotated 45 degrees to the left about
O as center to the dotted position, Fig. 53 (a), these dotted axes
intersect both branches of the hyperbola symmetrically as shown.
If the entire figure is now re-drawn with the axes still cutting the
curve but drawn in the usual horizontal and vertical positions,
we have Fig. 53 (b).

The curve is still the same as before, but since the points as

plotted are now at different distances from the new axes the new

Y

l

\

(a) FIG. 53.

values of x and y are not the same as before for the same points
on the curve, and, therefore, the equation y= 1/x does not repre
sent the relation between the new ordinate and abscissa of each

point on the curve. A new relation is needed and it is found that

instead of being xyl as in the old position the new relation is

(x
jry\(x y\ /= r-

1 1 )
=

l,or? solving for y, t/=Var a, and the constant

a represents the distance from O to the point M or M7 where the

branches of the hyperbola cut the X axis. For different hyper
bolas at different distances from the Y axis, a would be different,

but for any one hyperbola, a is the same for both branches and

remains constant while x and y vary.
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In Fig. 53 (a), as in Fig. 51, the solid lines are the asymptotes
of the hyperbola; the symmetrical center lines (dotted) are the
axes of the curve. In Fig. 53 (b) the dotted lines are the asymp
totes and the lines X'OX and Y'OY are the axes. If two lines be
drawn perpendicular to the X axis and M, M' where the curve
cuts the axis, and produced on each side to meet both the asymp
totes, and two other lines are then drawn parallel to X'X joining

Y

FIG. 54.

the points where the perpendiculars meet the asymptotes, these
four lines form a square, or equilateral rectangle of which the

asymptotes are the diagonals. For this reason the rectangular
hyperbola is also called the equilateral hyperbola. When the
asymptotes are not perpendicular the rectangle is not a square,
but the asymptotes are still the diagonals of the rectangle.

If, now, a circle is drawn with its center at the origin and
radius a, we have Fig. 54. Then at any point P on the curve with
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the coordinates x, y the ordinate AP=y with the radius OP=a
forms a right triangle AOP, from which we have x2+y*= a2

y or

y=V a2 x2
, as the relation between the variables x and y when

a is a constant for any one circle as x and y vary but is differ

ent for different circles. This is the equation of the circle and
is seen to be of a form very similar to that of the equilateral
hyperbola.

We shall find in what follows that the relation between the
circle and equilateral hyperbola, or rather the similarity between

Y

X X-
O

Y'
(&) Hyperbola

FIG. 55.

them, is very close. In order to show this here, the two curves
are drawn together in Fig. 55, and the equation of each is given
with its graph. The form given in (b) for the equation of the

hyperbola is obtained by squaring and transposing the form

The circle may be thought of as consisting of two branches

cutting theX axis at the same distance a from the Y axis on oppo
site sides and turned inward toward the Y axis, while the two
branches of the hyperbola cut the X axis in the same way but
are turned outward from the Y axis. The branches of the hyper-
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bola are not semi-circular, however. In the equation of the circle

the term y
2

is preceded by the plus sign, in the hyperbola by the

minus sign.

In the case of the circle, if we call 6 the angle AOP between

the X axis and any position OP of the radius, Fig. 54, we define

as trigonometric functions of the angle

AP AP .

-=-= = sin d
OP OH
OA OA

or,
x y
-=cos0, -=sin0,
a a

where a is the radius, (x, y) are the coordinates of the end of the

radius and 8 is the angular position of the radius. The functions

sin 6 and cos 8 are also called the circular functions.

In view of the similarity between the circle and the hyperbola
which we have found above, the question arises as to whether

there may be a set of quantities or functions corresponding to the

hyperbola in the same way that the circular functions correspond
to the circle. There are indeed such functions and they are called

the hyperbolic functions of the same names, that is, hyperbolic sine,

hyperbolic cosine, hyperbolic tangent, etc. They are written

sinhx, coshx, tanhx, etc., or simply sinhx, coshx, tanhx,

etc., the letter h referring to the hyperbola. These functions are

discussed in the next article.

103. Hyperbolic Functions. In Fig. 56 are drawn one quadrant
MPN each of the circle x2+y2= a2 and the hyperbola x2 t/

2 ==a
2

,

and for any point P on each curve the abscissa is x= QA, the

ordinate is y=AP, and the "radius" is a=OM. In the case of

the circle when 8 is the circular angle AOP the circular functions

are sin 6=y/a, cos d=x/a}
etc. Similarly when the hyperbolic angle
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U is properly defined the hyperbolic functions are smb. U=y/a,
cosh U=x/a, etc. The hyperboEc angle is not, however, the

ordinary angle AOP. We next proceed to define the hyperbolic

angle.

For this purpose, we first develop an important property of

the circle. Let the area of the circular sector MOP be denoted

by u. Then, since the area of a circle is equal to \ (radiusXtir-

cumference), the area of a sector of a circle is equal to f (radiusX

arc), the arc being that part of the circumference corresponding
to that part of the entire area enclosed in the sector. Therefore,

FIG. 56.

in Fig. 56 (a) areti u=|a(arcMP). But when 6= angle MOP,
arc MP= a 6, Therefore

(114)
2u

In any formula, therefore, where a circular angle appears, it

may be replaced by the sector area corresponding to the angle,

multiplied by 2/(radius)
2

. For this reason u is sometimes called

the sectorial angle and the quantity 6 expressed in terms of u by
the relation (114) is the corresponding circular angle. Using the
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circular angle as thus expressed therefore, the circular functions

become, for the circle of Fig. 54 or Fig. 56 (a),

y .
/2u\ x (2u\-=sin(-ri -=cosl I (115)

a \a2
/ a \ar/

In the case of the hyperbola, the ordinary angle MOP is not

used and the hyperbolic angle is defined as (2u/a
2
), where u is the

area of the hyperbolic sector MOP in Fig. 56 and a=OM. The

hyperbolic functions are then defined by the formulas

y {2u\ x /2u\
l=sinh( ), -=cosh( ),

(116)
a \a2

/ a \av

where x, y are the coordinates of the point P on the equilateral

hyperbola. As in the case of the circular functions the remaining

hyperbolic functions are defined and obtained from the relations

tanh= sinh/cosh, coth= cosh/sinh, sech= 1/cosh, csch= l/sinh.

If we remember that when we speak of the hyperbolic angle

corresponding to a certain point P on the equilateral hyperbola,

we do not mean the ordinary angle MOP as we do in the case of

the circle, but instead refer to the hyperbolic angle, then as in

equation (114) for the circle, we can write for the hyperbolic angle

corresponding to the sectorial area u m

(117)
or

and our formulas (116) can then be written

sinh U=-, cosh 17=-, (118)
a a

which correspond to the usual formulas for the circular functions,

as stated in the first paragraph of this article. The remaining

hyperbolic functions are expressed in terms of the "radius" a and

the coordinates x
y y by means of the relations given above.
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Tables of the mih and cosh of numbers have been prepared
which are similar to the sin and cos of numbers (in circular radian

measure) and are extremely useful in certain kinds of calculations.

There are many interesting and useful relations among the

hyperbolic functions and the subject which includes these relar-

tions is sometimes called hyperbolic trigonometry. A simple and

inexpensive little book on hyperbolic trigonometry is McMahon's

"Hyperbolic Functions/
7

Exponential and hyperbolic functions

(which are closely related, as we shall see in the next article) are

of the greatest importance and value in the theory of electric

power, telephone, telegraph and cable transmission and also in

the theory of the steam engine, gas engine and air compressor, as

well as in physical chemistry and many branches of physics,

Two excellent books dealing with their use in power transmission

theory and in telephone, telegraph and cable theory are Kennelly's

"Hyperbolic Functions Applied to Electrical Engineering" and

Fleming's "Propagation of Currents in Telephone and Telegraph
Conductors."

104. Hyperbolic Functions and the Number e. The hyperbolic

functions are very closely related to the number e as we shal now
show. In Problem 4, article 70, we found that the area u=
MOPM in the case of the equilateral hyperbola is given by the

formula

From this,
. fx+y\ 2u
lOg.1
-

}=<-.\ a / cr

x+y ^
:.
-=ea2

.

a

Using formula (117) in this we have

(x+y\
e l
- i

(119)
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Now the equation of the hyperbola is cc
2

y
2=a2

y or, as we
saw in connection with Fig. 53 (b),

x-y\_^
a /V a A

X y
If we divide this equation by (119) we get =-^? or since

a

This equation and (119) can be written

-+-=^ (120)
a a

^ y
-~-=e-u. (121)
a a

By substracting (121) from (120) the x/a terms cancel and we get

\a/

-e-u). (122)
a 2

Similarly, by adding equations (120) and (121) we get

(123)

Now, in equations (122, 123) and in equations (118), x
} y are the

same coordinates of any point P on the hyperbola and a is the hy
perbolic "radius." Comparing the equations, therefore, we have

sinh U=^(e
u-e-u), cosh U= %(e

u+e~u) (124)

and from these equations we can, by the relations already given,
also express tanh, coth, etc., in terms of exponentials. These
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equations are the results sought in investigating the connection

between the hyperbolic functions and the number e.

By means of these equations we can express the hyperbolic
functions of any number U, n, etc., by means of exponentials

directly, without any reference to the hyperbola, and this is often

done. We must understand, however, that whether the hyper
bolic relation is used explicitly or not, it is the basis of the equa
tions.

By solving equations (124) for e
u and 6""

17

,
we can also express

the exponentials in terms of the hyperbolic functions. Thus, by
first adding the two equations, the negative exponentials cancel,

and by subtracting the first from the second, the positive terras

cancel, and we have the results,

e
7

=coshC7+sinh(7]
(125)

These two remarkable formulas give the exponential function

e^u in terms of the hyperbolic functions. Usually, however, the

values of the exponentials are computed by means of the formula

(105) of article 97 and the hyperbolic functions then determined

from the exponentials by means of formulas (124) above.

Formally, however, either formulas (124) or (125) may be

taken to express the relation between the hyperbolic functions and

the number e. (See also Example 9, article 48.)

105. The Circular Functions and e. Having seen the analogy
wrhich exists between the circular and hyperbolic functions and

the close connection between the hyperbolic functions and the

number e, we now naturally expect to find a connection between

the circular functions and e, and, indeed, there is such a relation.

The relation is, however, not quite so direct as that given by
formulas (124) or (125) above, and in order to derive it, we have

to use the number \/ ! If we let the algebraic symbol i repre

sent this number, that is, i=*v/~"l (i*1 the theory of alternating
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currents the symbol j usually represents -\/~^l because i is used

to represent current) ; then, since (V^I)Ov/!) = (V--1)
2 = 1

?

we shall have **-!. Then, i
3= (/)i= (-l)t- -i; i

4=
(i

2
)
2=

( 1)
2=

1; and i
5= (t*)i= (!)-. in the way we would

find i^ 1
? etc., repeating this of values. Summarizing

results, we have,

**=$, i
2=-l

?
t
8
*-*, i

4= l. (128)

and these values of powers of i repeat themselves for every suc

cessive set of four powers. Thus i
5

,
i
6

,
i
7

,
t
8 are the same as in

(126), and so on. We shall use (126) in what follows.

Let us now refer back to series formula (105), article 97 ?
which

gives e*, and let us write yf and give x the value iB. Then the

series gives us

(id)
2

(Off &)4
(id)

5

s

J.2.3J.2-3-4 1-2-3-4-5 1-2-3-4-5-6

l+t9
1.2 \-2-3

+
l*2-3-4

+
\"2-3-4-5 1-2-3-4-5-6

the last form resulting from the use of (126). If in this we now

collect and write together the terms not containing i and also

coEect the terms containing i and take out the i as a common

factor^ we get
/\2 fA fS

{Q 1 i | ...
y ~~ ~~

~~l-2 1-2-3-4 1-2-3-4-5-6

+
Y"l-2-3

+
l-2-3-4-5 /

Then, if we take the two parts of this series separately, and
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call the first part y2 and the second part yi and write 2/~2/2+%i,

we have
o3 5 7

(127)
1-2-3 1-2-3-4-5 1-2-3-4-5-6-7

02 04 06

v = i---
1

-----
1

---- (128)y2
1-21-2-3-4 1-2-3-4-5-6

and

(129)

Next let us take the derivative of yi with respect to 6. This gives

d 3
2 5 4___7^

6

^

"1^2 l-2-3-4""i-2-3-4-5-6

Comparing this result with the series (128), it is seen at once that

they are precisely the same term by term. Therefore,

Taking the derivative of 2/2 in the same manner, we get

dy2 2(9
t

403 60
5

80
7

dd 1-2 1-2-3-4 1-2-3-4-5-6 1-2-3-4-5-6-7-8

/ e* e
5

e
7

\
__. _/ ___

I

_____I ... I

V 1-2-3 1-2-3-4-5 1-2-3-4-5-6-7 /

and comparing this with (127) we find also that

Now, by (130),

cPyi d/dyi\ d dy2
^^__^ i ,^____ i , , r f At - \ =-r? .-

de
2 dd\deJ de dd'
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Hence, by (131),
d?yi

-tfVi. (132)

Also, by (131),

df dd\dd/ do
y

Hence, by (130),

j"=* ~2/2. (133)s-jQ"
(Jj\j

We have, therefore, the remarkable result that the functions 2/1, 2/2

have the properties that the first derivative of 2/1 equals y2 and the
first derivative of 2/2 equals t/i, and that the second derivative
of either equals the negative of itself.

If now we refer to Example 2, article 32, and exercise 5 of that

chapter we see that when

2/2
= cos 0, (134)

in v */ 7

~~
y~L

ad dd
and

But these are the results just obtained from the series (127, 128).
The functions y1; 7/2 as given by those series formulas are, there

fore, nothing else than the functions sin 6 and cos 0!

Hence, by equation (129) we can write, substituting (134),

and since by trigonometry cos (-0) = cos while sin (0) = -sin 0,
if in the last equation we replace iB by i6^i(ff) we get

t'sinfl.

These two equations show the relation between the circular func-
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tions and the number e. For convenience of reference we re-write
them here together

_
e

^= isintf

As in the case of the hyperbolic functions these relations can
be expressed in a different way by solving them simultaneously
for sin 6 and cos 6. Thus if we subtract the second from the first

and divide the remainder by 2i, and also add the two and divide
the sum by 2, we get, respectively,

cos 6=^+6-^. (136)

From these last two equations we can also express the other circular

functions in terms of e by means of the relations tan= sin/cos,
cot= cos/sin, sec= I/cos, esc= I/sin.

Equations (136) for the circular functions correspond to the

equations (124) for the hyperbolic functions and (135) correspond
to (125). Equations (135, 136) together express the relation
between the circular functions and the number e.

106. Computation of Trigonometric Tables. We have seen that
the functions 7/1, y2 discussed in the last article are the same as
the circular functions sin 6 and cos e, respectively. Therefore,
by the series formulas (127) and (128), respectively,

e
3

e
5

e
7

sin = 6---
1

-----
1

----
1-2-3 1.2.3.4.5 1.2.3-4.5-6.7

e
2

e
4

e
Q

cos 0=1---1
-----

1
.

1- 2 1.2-3-4 1.2.3-4.5.6
*

In these expressions the angle 6 must be expressed in radians
instead of degrees, as, indeed, must all our analytical formulas

involving the circular or trigonometric functions.

In order to compute the numerical value of sin0, therefore,
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when the angle 6 is given in degrees we divide the number of

degrees by 57.3 = 180/V or multiply by Tr/180, put this converted

value of 6 in the series (137) and find the value of each term. The
total algebraic sum of the positive and negative terms is then the

value of sin 6. By using a greater or less number of terms and

carrying out the evaluation of each term to as many decimal

places as desired, the value of sin may be computed as accurately

as desired. Using series (138) in the same manner cos 6 may also

be computed.
As an illustration of the use of these formulas, let us compute

the functions of 30. Then, expressed in radian measure, we have

<7T

\ 1C

)=-=.
ISO/ 6

0=30 =301 J =-=.5236, to four places.
\180/ 6

(.5236)
3

(.5236)
5

(.5236)
7

/. sin 30 = .5236 -+- -+
6 120 5040

The indicated operations are easily carried out by means of

logarithms and the result is found to be, to four decimal places,

sin 30 = .5000

which in this case is, of course, exact. Similarly, formula (138)

gives

(.5236)
2

(.5236)
4

(.5236)
6

cos 30 = 1 -+- -+ - - -

2 24 720

/. cos 30 = .8660.

From these values we find by the relation already given

.5000
tan 30= =.5774,

.8660

and from the other corresponding relations the values of cot 30,
sec 30, esc 30 could be found.

It is in this manner and by combinations of these formulas

that the values of the functions in the trigonometric tables are

computed.
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107. Calculation of IT. By means of formulas (137, 138) above

a similar series formula can be obtained by means of which the

number T can be expressed as the sum of a series of fractions, and

so computed to any desired number of decimal places. In this

way, TT would be found by means of a series derived from the

number e* This method is somewhat long and complicated,

however, and we shall use here a shorter and simpler method, and
then show in a different way the connection between TT and e.

If, in the integral formula (XXII),

dx 1 x

a2+x2 a a
we put a= 1 it becomes

dx
=tan x

x,
l+x2

or

,-i .tan"1 x- 7 dx ' (139)

Now, by ordinary algebraic division we get

i+^
=1 ~ :

"

= fdx- jx
2 dx+ fx*d

- I xQ dx+ I xs dx

a;
3 x5 x7 xg

=*x---
1

----
-I3579

and, therefore, according to formula (139),

x5 x7

tan x x
I

"-"* '

\

"""* * * "3579 (140)
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which is the desired series for the computation of v.

If in this formula we put x= 1, then tan"
1 x= tan""

1
1 = 45 = JT

radians, and the formula becomes

. . = .7853981634+ - - -
(141)

and hence to ten decimal places,

7r=3,1415926536.

By means of such formulas as the one developed here the value

of TT has been computed to over 700 decimal places. In the early

history of mathematics it was thought by many that by carrying

the computation far enough the fraction would eventually come

to an end, that is, that the value of IT could be found exactly,

which would mean that the area of a circle could be found which

would be exactly equal to the area of any given square. This

process is known as "squaring the circle/
7

It has now been

proved, however, that TT is an incommensurable or so-called tran

scendental number, which means that it cannot be expressed

exactly. The squaring of the circle is therefore impossible.

108. The Most Remarkable Formula in Mathematics. In all

the developments of this chapter the number e has played the

central part and it has been stated above that in addition to its

close relation to the circular and hyperbolic functions and the

number i it is also closely related to the number TT. This we show

in the present article. In view of these relations the question

arises as to whether or not the connection between e, IT, i, etc.,

can be shown in one formula. This is, indeed, the case, and will

appear in the demonstration of the relation between e and TT.

For this purpose we use, as usual, the radian measure of an

angle. Since 1 radian equals 180/x degrees then ir radians equal

180 degrees. If then we take 6= IT in the first of equations (135)

we have

-i sin TT=COS 180 +i sin 180.
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But cos 180 =-1 and sin 180 = 0. Therefore this becomes

e
l7r=

1, or, transposing,

6*+ 1 = 0. (142)

We have here a single formula which contains the five most

important and fundamental numbers of all mathematics:

= naught, nothing; or symbol for infinitely small.

1 = unit, basis for all numbers.

i= -\/ 1, so-called imaginary unit.

6= 2.7182818284-
,
the natural logarithm base.

7r=3.1415926536- *

-, ratio circumference to diameter of circle.

Formula (142) has been called the "most remarkable formula

in all mathematics." From it a number of important and remark

able results can be obtained. We shall here consider only two of

these.

First, write the formula as e= 1 and take the logarithm of

each side of this equation to the base e. This gives, by the alge

braic rule for the logarithm of a number with an exponent,

^V4oge e=loge ( 1). But loge e= l, and hence iV=loge ( 1).

Dividing by i= \/""l>

This is a compact formula for the number TT in terms of the num
bers e and 1; series formula (141) gives the numerical value of IT

as the sum of an infinite series of decreasing fractions.

The second result which we shall derive from formula (142)

supplies the answer to a question which arises in algebra and is

left unanswered in elementary algebra. This result we now con

sider.

109, Logarithm of a Negative Number. According to the defini

tion of a logarithm given in elementary algebra, a negative num
ber has no logarithm. Negative numbers do have logarithms,

however, as we can easily show by means of formula (142) . Thus,
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writing (142) as l=ew and multiplying this equation by any

positive real number N, we get

or

loge (-N) =loge N+fa. (144)

On multiplying this equation by the conversion factor 0.43429

given in article 100 the logarithms in (144) become common
logarithms and (144) becomes

logio (-#) =logio tf+1.368*. (145)

Thus the logarithm of a negative number ( N) is a complex
number having as its real part the logarithm of the positive num
ber (N). The pure imaginary part of the natural logarithm is

iri, and that of the common logarithm is 1.368i.



ANSWERS TO EXERCISES AND PROBLEMS

Following Article 19, Page 30

2.

3.

4. -12(7-
5. _l8(4-

"
(*-!)

7. -V(I-x^*dx.

8. -
da;

(2*
2+5)2

fdf

10.

11. 4(2x-f-7) cfcr.

1. 5.03 cu. in./sec.

2. 60 sq. in./min.
3. (i) Appr. 2 ft./min.

(ii) Sep. 6 ft./min.

(iii) After 1J min.

4. 7j mi./hr.
5. 4| mi./hr
6. ff ft./sec.

7. 5ft./sec.
8. fx/6=6.1ft.
9. 283ft.

10. Sep. 2| mi./hr.

Article 22, Page 45

11. 36 times.

12. -^gr cu. in./degree.
13. 4.07 ft./min.

14. 6 ft. /sec.

15. = 0.035 in./sec.
y?r

16. 8 ft. /sec.

17. ^ = 6.55 cu. ft./min,

18. lj scj. in./min.
19. 10 sq. ft./min.
20. 4.52 mi./min.

329



330 CALCULUS FOR THE PRACTICAL MAN

Following Article 28, Page 64

1. 2 (cos 2a;-fcos x) dx.

2. 0.

3. -3(cos
2 x sin a?+a^ sin a?) dx.

m sin Vl tdt

5. (cos
2

a; sin
2
x) dx.

6. (x cos x-fsin a;) dx.

7. (| cos 26 B sin 20) <20.

8. 0.

x sin a;-}-cos a;

11. tan 2xVsec 2z.

12. tan4 a;.

2 sin a;

13.
(1 cosx)

2
*

14. cos2a;.

15. 0.88 rad. or 50.5 deg./min.

16. 0.577 mi.; -g- mi./niin.

17. f; f rad./min.

18. 7ijf|=0.508rad./min.

19. Increasing, 1-f /=;V^
decreasing, V^-

10. 2 sin x cos 2a?+cos x sin 2x.

*?
2. 4 cos 2x.

3. 12(a?

4. 2(a?+sin aj).

d2!/
5. 5

6.
X

4
7.

8. 2 cos x x sin a.

Following Article 32, Page 74

9. 2 sec
2

a; tan a;.

(2 z2
) cos +2a; sin x

10.
3

.

11. 12 ft./sec.; a- -18 ft./sec
2
.

12. 72 ft. /sec.; 6 ft./sec
2
.

13. |+- = 1.285 ft./sec.;
4

V5= 1.414 ft./sec
2

.

14. llf ft./sec. ;12J ft./sec
2

.

15. -0.738 ft./min.; -3.351 ft./sec
2

,

FoHowing Article 36, Page 95

1. m= -2; = 116 34'.

2. m=-f;<=1438'.
3. m=0;^>=0.
4. m=f;4> = 572'.
5. w=~|;<3b=2358'.

6. x= a.

7. ra-0, and 1.

8. x=3.
9. a;=3.

10. At z=4.
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1.

2.

3.

7.

8.

9. a?=

x

10. a;=

Following Article 40, Page 108

= 2 gives y max. =69; 4. o?=l gives y max. =3;
=3 gives 2/min. = 56. 3?= 1 gives y rtibcu^ 3.

=6 gives y min. = 26; 5. z= 6 gives y niax. = 9.

2 gives 2/ max. = 28. 6. xQ gives y min. =0;
6 gives 2/ min. = 348. #= 2 gives y max. = 4.

tan~1
(- J) =26 34' gives y min. -

-~/g=
-0.447.

57 28' gives y max. =0.4284;

143 37' gives y min. -0.1499.

gives no max. or min.;

120 gives 2/ min. = A/f[

""1
(~8)] gives T/ min.=

o

-

/tan 1

FoUowing Article 48, Page 143

dx

2. dy~x
n-l

(l+nloge x) dx. 4. d2/=



332 CALCULUS FOR THE PRACTICAL MAN

9. x=0 gives y min.= l.

10. x=*Q gives y mrn.=Q.

1 . 1
11. x -

gives y min. .

e e

12. xe gives y min. =e.

13. y min. =2afo.

14. :e=Q gives y max, I.

Following Article 50, Page 146

1. dy3(o?-l) dr.

7. dr~a cos (o0) c^.

8. % cot x dx.

10. cfc=e*(cosi-sin*)<fc.

""
^"~(6x-5)(4~3x)"

Following Article 57, Page 173

6.

6 . !^3fiK7.
3

8. iz
2~s-l

3
^"

9.

10. C | cos 3s+-5- sin 5i+2 cos (fi).



11. C+loge ( cose

15. C-i(3-2aj)
3
.

-~ ^ 3

ANSWERS TO EXERCISES AND PROBLEMS

sec 0+tan d\ tan2 ox

/ 2a

f Q /Y*'. O -
.

1 4-tan x

20. loge (o;
2
-h5z)+(7.

21. 21oge (4+sina;)+C.

22. -(e*e~T
2

23. J (

333

17.

25^
'

13 3
"*"

1. f.

2. -^

3. 2.

25. C^.

Following Article 62, Page 184

23. fa tan 2x+J log (cos 2a;) +(7.

25. C

FoUowing Article 69, Page 205

4. 200 logioe.

K 11,4O. "~~~Qf
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6. 833f. 13.

7. -833J. 14. 1.

8. log2. 15. e.

9. 5. 16. ^-.
10. 0. 17. 3f.

" - ' m

Article 71, Page 219

2 <

9*9*

6. 2(3-4*-*).
7. $1333.33.

8. Crosses at x 1 ; A = 1.

n - 20r--t)a
2

.

12. (a) 1; (6) 2; (c) 3; (d) 4.

Article 73, Page 230

l). 3. -|f.

2ir 4. loge (2+V3).

T" 5. OB=Va2
-H>

2
.

6.

7. Ellipse; semi-axes 3V2> 2-v/2. 9. s=8a.

8. J. = 12ir. 10. s=ia(e-e~).

Article 89, Page 283

1. (a) 80; (6) 100 ft./sec. 7. 4VIO= 12.65 ft.

2. (a) 456 ft.; (6) 172 ft./sec. 8. (o) 12>2 lb (6) 8>

3. 200 ft.

4- 33.1 deg. 9. &=iloge (
Y

= - Az * Va-a;/6. v

6. 4.5 ft. 10. 586 lb.
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11 *^JL. = ~f 20. 135,000.
'

dx v'
SQ& '

21. 0.0878 of original.

12 6931 gal. 22. loge (|) =5343(1
13. 92 sec. V^o/ \!To

-5 23. B =60,600 ft. -11.5 mi.;
14. y-(l-e '). F== 17,460 ft. =3.31 mi.;
15. 555 ft. r-46.6 sec. =0.777 min.;
16. 0.958 ^o remains. x
17. r=r -R ^=^
18* 64 lb - 24. a = 72; 862 sq. mi.
19. 13.5 days. 25. u= 13.05 rev./sec.=783 R.P.M.



INTEGRALS

a+bx

f dx 1 a+bx
1 I -= log 1-C.

J x(a+bx) a
&

x

fJ x\a

dx

3-/^
4 - a

+bx)
dx

___+_ log
a+bx

ax a*
~

x

1 1,

+bx*)
2 a(a+bx} a?

xdx If __x

fe
2L a+fecc

+c.

5. jx^/a+bx
dx

6. x*-\/a-\-bx dx =
10563

-C.

xdx

/

. /
15&3

336



INTEGRALS

*/:

/

dx

'a?+c?

dx

(z
2+a2

)
3 a2vV-fa2

/ic
dm T - ,~2

"'-
I. = *V/ jy-2 j

...2 loo*

15.
^ ^^

16.
dx I

==- log-

"f-,

/

f-

(fo

18.

19.

^4-a-

/^T^

+c.

a log

hlog

337

20. rVx*~a? dx =
/ ^2

21.
/^V(a;

2-a2
)
3^=

*/

22. Cx2Vx2 -a? dx =^
*/ o

-a2--
log

22-
log

8

23.

24.

25.

26.

rar
dx

h _vV-^
/^Z^ o2*

+C.
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-dx--

-Hog (x-hAx2-a2)-j-a28.

29. /*Va2 x2 ^c=|Va
2 x2-!-^- sin"1 -+C.

30. /V(a2-x2
)
3 dx =|(5a

2-2x2)Va2-x2+J O

31. A
32. /^.r ^,- . x^-^+a.

/x & & /z 5 ,
a . T x

;^=
- ~

5V^^+^m-i -

^s^^ a a+Va2-x2

^x ^^-Vc.

-(x a)A2ax x2+- vers""1 -
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46.

46.

47.

48.

49.

60.

61.

62.

63.

64.

66.

66.

SB
2

/ sin2 x dx = \x~J sin 2rc+C.

/.
, , sin"""

1 x cos x n 1 r .

sin
n

a; dx=
1 / sm

n"~2
a; dx+C.

n n J

I cos
2 xdx ^;c+J sin 2-f-(7.

/, cos71"1
re sin x n lr

cosn ete~
1 / cos

n~* x dx+C.
n n J

/cosw"~^ x sin
w~'~1 x m 1 /*

cosm x sin
n

a; dx=
1 / cosm~~2

re sin
n x dx+C.

m-\-n m+nj

/cos
m

a; sin
n x dx

1 / i

m+n m+nj
n

m-\-n

tan""* a; r
n-J=

n-1 7
an

/"cot
n x dx -^ -

/*cot
n""2

a; dx+C.
y n-1 J

/* * ^

I
e cos no; cfe

x n 1

1

--
/ cos

m x sin
w~2 x

n coswx)
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A,

aP
a

58. fxsmxdx^ sinx x cosx+C.

sin71"""1
#(sin # nx cos rr) n/ . sn71""" #sn # nx cos rr n /* . _

, ^
69. / x sin

n x dx =---r-~\-- / x sinn
~2 x dx+C.

J n2 n J

60. / x cos a; dx = cos ^+x sin x+C.

. /r
cos71""1

a; (cos a;+wa; sin as) n1 /*
2

cosn x dx =-5
--

1

--
/ x cosn J

nz n J

62.

63. log
n x dx=. iog

^ x



INDEX

Air resistance, acceleration against,
260

Alternating current, effective value of.

256

Angle measure and functions, 49

Circle, and equilateral hyperbola, 311
Curve:

area under, 188

length of, 197
maximum and minimum points on

96

Definite integral, 192
Derivative:

formulas, 145

function, 15

log& x, 298
second and higher, 70

Derivative, graphical interpretation
of, 84

Differential equations, 255

Differentials, 4
constant and negative variable, 9
coordinates of a curve, 82

exponential function of variable,
136

formulas of, 24

power of a variable, 23

product of constant and variable, 10

product of two variables, 21

quotient of two variables, 22
secant and cosecant of angle, 54
sine and cosine of angle, 51

square of variable, 18

square root of variable, 21
sum or difference of variable, 7

tangent and co-tangent, 52

e, calculation of, 300
e
x

j derivative of, 304

Falling bodies, laws of, 235
Formulas:

differential, 24
differential and derivative, 145

integral, 153
Functions :

circular, and e, 319
classification of, 13
differential of, 14
derivative of, 15

graphs and, 75

hyperbolic, 314

logarithmic and exponential, 132
maximum and Tmrnmnin. values of
97

meaning of, 11

second and higher derivatives of, 70

Growth, natural law of:

mathematical expression for, 288

Increase, population, 233

Integral, definite, 192

Integral formulas:
derived indirectly, 160
obtained from differentials, 154

Integral sign, meaning of, 186

Integration and integrals, 150

Integration, constant of, 196

Integration by parts, 181

Interest, compound, formula for, 291

Length of paper or belting in a roll,

245

Liquid, surface of in rotating vessel,
269

341
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Logarithms:
calculation, of, 305

hyperbolic, 308

natural, differential of, 136

Maximum and minimum:
determination of, 99

points on a curve, 96

values of a function, 97

Parabola, the, 273

Pendulum, time swing of, 263

Projectiles, path and range of, 238

calculation of, 316

Rate, derivative and velocity, 66

acceleration, 67

Rates, 1

differential, 4

steady, 6

varying, 3

Variables:

differential of a sum or difference, 7

differential of a constant and of a

negative, 9

differential of the product of a

constant, 10

differential of the square of, 18

differential of the square root of, 21

differential of product of two, 21

exponential function of, 136

Work done, gas and steam, expand
ing, 278
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